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Abstract 

The paper presents the complete classification of Automorphic Lie Algebras based on 
sln(C), where the symmetry group G is finite and the orbit is any of the exceptional G-orbits 
in C. A key feature of the classification is the study of the algebras in the context of classical 
invariant theory. This provides on one hand a powerful tool from the computational point of 
view, on the other it opens new questions from an algebraic perspective, which suggest further 
applications of these algebras, beyond the context of integrable systems. In particular, the 
research shows that Automorphic Lie Algebras associated to the TOY groups (tetrahedral, 
octahedral and icosahedral groups) depend on the group through the automorphic functions 
only, thus they are group independent as Lie algebras. This can be established by defining a 
Chevalley normal form for these algebras, generalising this classical notion to the case of Lie 
algebras over a polynomial ring. 
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1 Introduction 


An Automorphic Lie Algebra (ALiA in what follows) is the space of invariants 

(0®A4(C))F 

obtained by imposing a finite group symmetry on a current algebra of Krichever-Novikov (KN) 
type [3(1 0 ® At((D) where 0 is a Lie algebra, M. ((D) the field of meromorphic functions on the 
Riemann sphere (D = (DU{oo}, G a subgroup of Aut (0 ® M ((D)) and where T C (D is a G- 
orbit, to which poles are confined. Since their introduction in |23j automorphic algebras have been 
extensively studied (see [213 an d references therein, but also |3j and 03)- ALiAs arose originally 
in the context of algebraic reductions of integrable equations [231 . motivated by the problem of 
algebraic reduction of Lax pairs EZj. While the classification problem is a stand-alone one, its 
solution could have an impact also in applications to the theory of integrable systems and beyond. 
In particular, the Chevalley normal form (see Section [5]) can be used as starting point to analyse 
Lax pairs and consequently associated integrable equations. 

A first step towards the classification of ALiAs was presented in [23], where automorphic algebras 
associated to finite groups were considered. These groups are those of Klein’s classification, namely, 
the cyclic groups 7L/N, the dihedral groups IDat, the tetrahedral group T, the octahedral group 
(D and the icosahedral group Y. In [23! the authors study automorphic algebras associated to the 
dihedral group Djv, starting from the finite dimensional algebra 5(2 ((D); examples of ALiAs based 
on 5(3 ((D) were also discussed. In |TF] the authors present a complete classification of automorphic 
algebras associated to the dihedral group D^. A further, crucial, step toward the full classification 
appears in [24], where the problem is formulated in a uniform way using the theory of invariants. 
This allows for a complete classification of sl 2 ((C)-based ALiAs with finite group symmetry. The 
new approach inspires the present results; however the simplifying assumption that the represen¬ 
tations of G acting on the spectral parameter A as well as on the base Lie algebra are the same, 
as in [241 . can no longer be made when considering higher dimensional Lie algebras. 

The aim of this paper is to present the complete classification of Automorphic Lie Algebras for 
the case 0 = s(„((D) with poles at an exceptional G-orbit. Exceptional orbits T are those with 
less than |G| elements; they are labelled by £ = a,/?, 7 , where a ,/?,7 refer to the forms with zeros 
at T^. A key feature of this approach is the study of these algebras in the context of classical 
invariant theory. In brief, the Riemann sphere is identified with the complex projective line (DP 1 
consisting of quotients x /y of two complex variables by setting A = x /y. Mobius transformations 
on A then correspond to linear transformations on the vector (X , Y) by the same matrix. Classical 
invariant theory is then used to find the G-invariant subspaces of (C[A, F]-modules, where (D[X, Y] 
is the ring of polynomials in X and Y. These ring-modules of invariants are then localised by 
a choice of multiplicative set of invariants. This choice corresponds to selecting a G-orbit T^ of 
poles. The set of elements in the localisation of degree zero, i.e. the set of elements which can be 
expressed as functions of A, generate the ALiA. Once the algebra is computed, it is transformed 
into a Chevalley normal form in the spirit of the standard Chevalley basis [10]; we believe this is 
the most convenient form for analysis. The isomorphism question can finally be answered in the 
sln((D) case and a more refined isomorphism conjecture is formulated: 

Let G and G' be two of the groups from T, (D, Y or IDjv and let T^ and T[, be exceptional G- and 
G'-orbits, respectively. Then, the Automorphic Lie Algebras ( 0 ® A4((D))p and ( 0 '< 8 >A4((D))p/ are 

isomorphic as Lie algebras if 0 = 0 ' and k f (cf. Table [Til - see Theorem 15. II for the precise 

statement). 

Classical invariant theory provides a powerful tool of analysis from the point of view of computa¬ 
tions. Indeed, one of the obstacles to a complete classification so far were computational difficulties 
arising on one hand from choosing two different group representations, which implies a ground form 
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of higher degree, rather than of degree two as in [21], on the other hand the intrinsic difficulty 
arising from the higher dimensionality of the problem (moving from ^((D) to sI ra ((D), n > 2). It is 
worth noting here that in this paper we will consider only inner automorphisms in Aut(g® A! ((D)). 
This is however not so restrictive as it might seem at first, as only the octahedral group (D might 
admit outer automorphisms in the case of sl n ((D), n > 2 [16]. The analysis of all admissible au¬ 
tomorphisms in Aut(g ® .Ad ((D)) given a Lie algebra g is a very interesting one, and it is left for 
further investigation. 

The main results of the classification can be summarised as follows: 


1. The long-standing isomorphism conjecture, due to Mikhailov, is now a theorem for g = sl„((D) 
(see Theorem 15. ID . The proof relies on the explicit Chevalley normal form of the algebras. 

2. The number of automorphic functions present in each normal form is an invariant (see Sec¬ 
tions [5] and [6]) . 


The results also suggest a natural interpretation of these algebras as finitely generated over the ring 
k[I r ], where k is an extension of Q with a root of unity depending on the irreducible representations 
of the group G, and I r is a G-automorphic function with poles at the orbit T (note that the field 
and the automorphic function are group dependent, but we do not want to overload the notation 
by calling it kg; this also underlines the fact that the group dependency does not play a big role). 

The alternative is to consider it as an infinite dimensional Lie algebra over k, graded by powers of 
I r , as has been done in earlier publications, cf. [24] . where both approaches are used in parallel, 
or in m , 0, and, in the context of KN type algebras, in 2Sj. While the former approach adds 
some computational complications, one is rewarded with classical looking Chevalley normal form 
results (see Section [5]) and the Cartan matrix is the same as the one from the original Lie algebra. 
It is worth pointing out that in both approaches one can ask whether the ALiA can be brought 
into normal form, as for instance in the case of the Chevalley basis for simple Lie algebras over 
(D. As with any normal form question, one has to determine the transformation group. In the 
context of infinite dimensional Lie algebras, there are now two approaches in use: (i) the graded 
approach, where one allows invertible linear transformations on the algebra respecting the grading. 
This approach in particular keeps the grading depth invariant [23]. (ii) The filtered approach, used 
in this paper and introduced in [24], where one allows invertible linear transformations of filtering 
degree 0, where the filtering is induced by the grading in the usual manner. Here the quasigrading 
is respected, but the grading depth may increase. Since the second group of transformations 
contains the first, the normal form space will be smaller. Explicitly, if the algebra (g® A4((D))p is 
generated by m matrices over the ring k[I r ], then the first approach uses the transformation group 
{T G Matmxm^k) | det(T) G k*} = GL( k m ) and the second uses {T G Mot rraX m(k[I r ]) | det(T) G 
k*} = GL( k m ) ® 0^_ 1 End(k m ) Ip, namely the general linear group of the vector space (g ® 

We remark that the finite group theory used here is completely classical, with the exception of the 
results in Section [6] whereas the Lie algebra theory over a polynomial ring is slightly more modern, 
but it is the combination of the two that poses the central question in this paper. 

Finally, it is worth pointing out that the classification is driven by computational inputs: many 
of the necessary computations were done using the FORM package [20], calling on GAP J5] and 
Singular [9], 

The paper is organised as follows: in the next section the computational challenges are presented 
and addressed in two ways (the difficulties arising from the increasing dimensionality of the problem 
are discussed in Section [2] but ultimately addressed in Section [4}: first, by using classical invariant 
theory, thus working with polynomials in A' and Y fSection 12. ID . rather than rational functions of 
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A, until the very last stage when the Riemann sphere is identified with the complex projective line 
(DP 1 by setting A = x /y. Section [ 2 ~ 2 l recalls the necessary background from representation theory 
of finite groups, considering in particular the TOY groups. Sections [7771 and [YTTTI recall basic notions 
from invariant theory, such as decompositions into irreducible representations and Molien series. 
In Section [3] invariant matrices are computed by means of transvection (Section 13.211 . The second 
major computational challenge of the problem is addressed in Section [4] introducing the concept of 
matrices of invariants, which in turn allows one to define Chevalley normal form for ALiAs. Normal 
forms for sl ra ((D)-based ALiAs are given in Section [5] In this Section we consider an extension 
of the Jacobson-Morozov construction to the case of k[I r ]-Lie algebras. Section [6] introduces the 
concept of invariant of Automorphic Lie Algebras. The predicting power of invariants is discussed 
in the Conclusions (Section [7]) where the main findings are commented upon. 


2 Computing Automorphic Lie Algebras 


One of the obstacles to a complete classification of Automorphic Lie Algebras so far has been 
of computational nature: difficulties arising on one hand from the choice of two different group 
representations, which implies a ground form of higher degree, rather than of degree two as in [24] . 
On the other hand the intrinsic difficulty arising from the higher dimensionality of the problem, 
moving from 3 ( 2 ((D) to sl„((D), n > 2 . These difficulties are overcome here in two ways: first, by 
using classical invariant theory, thus working with polynomials in X and Y rather than rational 
functions of A, until the very last stage when the Riemann sphere is identified with the complex 
projective line (DP 1 by setting A = x /y. This allows us a better control of the degrees of the 
invariants at each step of the computation and it enables the use of Molien’s theory to predict the 
degree of the invariants, and to check the outcome of the computations as well. Working on (D[X, Y] 
allows us also to use transvectants, an easy to implement computational tool in classical invariant 
theory (see Section EZ2). The difficulty arising from the higher dimensionality of the problem is 
instead dealt with introducing matrices of invariants (see Section SI), which are computationally 
very effective. They are defined by considering the action of invariant matrices on invariant vectors, 
by multiplication. The description of the invariant matrices in terms of this action yields greatly 
simplified matrices, whose entries are indeed G-invariant. The map to matrices of invariants 
preserves the structure constants of the Lie algebra. We emphasise that the matrices of invariants 
are not invariant under the usual group action, because they are expressed in a A-dependent basis 
that trivialises the conjugation action on the matrices, leaving only the action on the spectral 
parameter A (see next section). 

We start by defining Polynomial Automorphic Lie Algebras. 


2.1 Polynomial Automorphic Lie Algebras 


Let G be a finite group and let er be a faithful, projective G-representation: 

cr : G —> GL 2 ((D). 

This restricts G to the groups 

TL/N, EW, T, ©, Y 

of Klein’s classification mm where TLjN is the cyclic group, De the dihedral group, T the 
tetrahedral group, © the octahedral group and Y the icosahedral group. In this paper we focus 
on the exceptional cases (since they are not part of infinite families), the T©Y groups. The De¬ 
classification has been presented in im, both for generic and exceptional G-orbits, since the Dj\r 
computations can be done explicitly without the use of a computer. In addition, this is the only 
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non abelian group in Klein’s classification whose order depends on N, which is a complication from 
a computational point of view and we prefer to keep it separate. 

Let t : G —> PGL(U) be an irreducible G-representation, consider the Lie algebra 

0 (U)<gXD[A,F] 

where g(V) is a complex Lie algebra in g[(V) and (D[X, Y] is the ring of polynomials in X and Y. 
The representations a and r induce a G-action on g(U) ® (D[X, Y] (see (33., Section 1.5, 1.6]) by 
identifying gl(U) = V ® V*, where V* is the dual space, 

g ■ (M ®p(X,Y)) = r{g)MT{g~ 1 ) ® p(a(g^ 1 )(X,Y)). 

Notice that this defines a Lie algebra automorphism of g(U) ® <D[X, Y], 

Definition 2.1. Let V be a G-module. An element v £ V is called x-relative invariant if there 
exists a homomorphism x '■ G —> <D*, the multiplicative group of ( D, such that gv = \'(g)u. If x is 
trivial then v is called invariant. The space of x-relative invariants in V will be denoted by Vq 
(or simply V x if there is no confusion with respect to the group), the space generated by all relative 
invariants by Vo and the subspace of invariants by V G . 

Remark 2.1. An example of a homomorphism x '■ G —> (D* is the determinant of a G-representation 
P: &p(g) = det p{g). 

Definition 2.2. The algebra (g(V) ® (D[A, U]) G defines a Polynomial Automorphic Lie Al¬ 
gebra based on g(V') cf. 

Our first goal will be to compute Polynomial ALiAs, (g(U) <8) <D[X, Y]) G , where G is one of the 
TOY groups. 

In the following we fix a group G, its representation a and vary r through all possible irreducible 
projective G-representations. 


2.2 Irreducible representations 

We recall that our ultimate goal is to construct and classify all Automorphic Lie Algebras, (g(K)<8> 
At((D))p , where G is a finite group, At ((D) is the field of meromorphic functions on the Riemann 
sphere and where T C C is a G-orbit. Using the identification A = x /y £ (DP 1 the space At ((D) 
is identified with the space of quotients of two homogeneous polynomials in X and Y of the same 
degree. Mobius transformations on A correspond to linear transformations on X and Y by the 
same matrix. Moreover, two matrices yield the same Mobius transformation if and only if they are 
scalar multiples of one another. Therefore, in order to cover all possibilities, we allow the action 
on A' and Y to be projective. We recall that a faithful projective representation cr of G in (D 2 is a 
mapping from G to GL 2 (U) obeying the following 

a(g)a(h) = c(g,h)a{gh), Vg,h£G, (1) 

where c(g,h ) : G x G —> <D* in HJ is a 2-cocycle over <D* (see for example s38]), satisfying the 
cocycle identity 

c(x, y)c(xy, z) = c(y, z)c(x, yz). 

If the cocycle is trivial the projective representation cr is a representation. Projective represen¬ 
tations of G correspond to representations of the Schur cover G b of G in SL 2 ((D). We define the 
Schur cover G b of G in SL 2 ((D) as the preimages of G C PSL 2 ((D), under the canonical projection 
7T : SL 2 (<D) -t PSL 2 ((D): 

G b =tt“ 1 G. 
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Alternatively, this group can be defined by the presentation 

G b = (9a,90,97 I 9 d a G =90=97= 9<*909i )» 

cf. [37], where do =3,4 and 5 for T, (D and Y, respectively. We can readily see that gugpg^ is 
a central element because it commutes with each generator, e.g. g a (gagpgy) = 9 agi G = gi G 9 a = 
( 9a909j)9a • If G b is nonabclian then this is the only nontrivial central element and represented 
by minus the identity matrix in SL 2 ((D). In particular it has order 2 and the projection n maps it 
to the identity. Another presentation is given by 

r = g a , s = g 7 . 

Then gp = g ~ 1 {g a 9097 ) 9 ^ 1 = g^igtyg ^ 1 = 9a'9i = r _1 s and we obtain 

G b = (r,s | r dG = (r~ 1 s) 3 = s 2 ). 

In Appendix [A] we give an explicit construction of the Schur cover G b we work with, for complete¬ 
ness. 

From a computational point of view it is more convenient to work with representations, rather than 
projective representations. For example, in order to use GAP to compute generating elements, 
character tables fSections 12.2.2ll2j2l4|) and Molien functions (Section [273]) , one needs to replace the 
projective representation by a representation. 

Linear representations of T b , © b , Y b can be easily computed by GAP (see Sections 12.2.21 to 12.2.41 
for further details); in what follows we label irreducible representations (irreps) by G b , where G 
is one of the TOY groups, and we drop b when the representation is also a linear representation 
of G. we denote this set as Irr(G b ). The representations with a b-index are those with nontrivial 
cocycle (see Tables [U [2J [3]) ; these are the representations which are not linear representations of 
G. 

Definition 2.3 (Natural representation). A monomorphism 

a : G b -► SL 2 (( D) 


is called a natural representation. 


The chosen natural representations of the TOY groups are underlined in the Tables [l] [2] and [3] 


2.2.1 Dynkin diagrams of the irreducible representations 


Before proceeding with a list of irreducible G b -representations, let us recall here some results from 
[551 . Let T b ,© b ,Y b be the double covers of the TOY groups; they are characterised by the 
solutions of the equation 

—1 ~ 1— = 1, a, b, c 6 N. (2) 

a b c 

The solutions are well known, they are (6,3,2) for Y b , (4,4,2) for © b and (3,3,3) for T b , up to 
permutation. 

We will closely follow the notations in [33], so for the purpose of the diagrams we rename the 
natural representation a with x and denote by Xh the h -th symmetric power of x. Notice that Xq 
is the trivial representation and x± = x the natural representation. The Clebsch-Gordan formula 
from classical invariant theory is 


x ® Xh = Xh-i © Xh+i h > 1. 


(3) 
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Let xq, y and z be the three different endpoints of the Dynkin diagram of affine type (this is 
also called extended Dynkin diagram, as it contains the trivial representation xo - see Figure [T]). 
The diagram is formed by taking the irreducible representations as nodes. Every representation 
is connected to those irreducible representations that occur in the decomposition of its tensor 
product with the natural representation into irreducible representations. Let a > 2 be such that 
xo, Xi,...,x a -i are irreducible as G-modules and x a is not, then x a -i is called branch point (of 
the Dynkin diagram). There are integers b, c > 2 such that the two other branches of the Dynkin 
diagram are given by y , X\ y, • • • , Xb- 2 V and z, X\ z, • • • , x c -2 z, respectively and it follows that x a 
splits into two irreducibles according to the rule 

X © X a -1 = X a -2 © x a = X a -2 © Xb-2 © y © X c -2 © 2 

(see 33 for details). The branch point is characterised by x a -i = Xb -1 © y = x c -i © z and (a, b , c) 
satisfy equation (ED- 


O 

Q X c -2 © x 


o-O.O.o-O-O.O.o 

Xo X\ Xi Xa -2 x a -l Xb -2 © J/ © y V 


Figure 1: Affine Dynkin diagrams of G , where G is one of the TOY groups. The dimensions of 
the irreducibles are 1, 2,..., a; a /b, 2 a /b ,. .., (b — 1)%; a / c > 2 a /c, ..., (c — l) a /e. 


2.2.2 Tetrahedral group T 

A regular tetrahedron is a Platonic solid composed of four equilateral triangular faces, three of 
which meet at each vertex. It has four vertices and six edges. A regular tetrahedron has twelve 
rotational (or orientation-preserving) symmetries; the set of orientation-preserving symmetries 
forms a group referred to as T, isomorphic to the alternating subgroup A 4 . As an abstract group 
it is generated by two elements, r and s, satisfying the identities r 3 = s 2 = (r s ) 3 = id. 

In Table Q] the character table of the Schur cover T b = (r, s \ r 3 = (r” 1 s ) 3 = s 2 ) in 5X 2 ((D) (see 
Section m is given. The first column contains the seven irreducible representations of T 11 ; they 
can be obtained by e.g. GAP |8j; the irreducible representation T4 is the natural representation 
(see Definition 12.31) . The representations with a b-index are those with nontrivial cohomology (see 
Appendix O; the b is dropped when the representation is also a linear representation of T. The 
second column contains the same representations in the language of [35] to allow drawing the 
Dynkin diagram as in Section 12.2.11 The next columns list the conjugacy classes and the corre¬ 
sponding values of the characters, following the GAP notation, where a dot indicates the zero and 
where A = w|, /A = W 3 . Here, and in what follows, uj n = exp 2 ,ri /n, so W 3 is a primitive cubic 
root of unity. The penultimate column contains determinants of the representation (see Remark 
ELD- Determinants have been included since they suggest the pairing of relative invariants in or¬ 
der to get invariants from transvection (Section 13.21) and (for future reference) play a role in the 
determination of the building blocks of s^Y). Finally, the last column contains the value of the 
Frobenius-Schur indicator t, computed by i x = ^ X^ g eG k’(5 2 )- Complex irreducible representa¬ 
tions with Frobenius-Schur indicator 1, 0 or —1 are respectively known as representations of real 
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type, complex type or quaternionic type [7|. This last column is included here purely for future 
reference, as it gives information about the existence of irreducible so and sp representations. 


irrep 

Dynkin 

id 

[r 2 ] 

H 

M 

M 

[sr 2 ] 

[s 2 r] 

A 

i 

Ti 

XQ 

1 

1 

1 

1 

1 

1 

1 

Ti 

1 

t 2 

y 

1 

A 

1 

1 

/A 

A 

/A 

t 2 

0 

t 3 

Z 

1 

/A 

1 

1 

A 

/A 

A 

t 3 

0 

T 4 

Xi 

2 

-1 


-2 

-1 

1 

1 

Tr 

-1 

It 

X\ ® z 

2 

-/A 


-2 

-A 

/A 

A 

t 2 

0 


xi ®y 

2 

-A 


-2 

-/A 

A 

/A 

t 3 

0 

t 7 

x 2 

3 


-1 

3 




Ti 

1 


Table 1: Character table for T 1 ", A = u>$, /A = 103 , in GAP notation. 


A concrete projective representation of T 4 is given by 


cr(r) 


(- l-w 3 0 \ 

^ 1 uj 3 ) 


a(s) 


( -UI 3 1 + w 3 
\1 + W 3 w 3 


(4) 


One could in principle make one of the generator diagonal, but we rather work with GAP given 
representations. Table [Q suggests the following field extension: k = Q[w 3]/(1 + W 3 + oof); the 
nonzero elements are denoted by k*. 


2.2.3 Octahedral group © 

A regular octahedron is a Platonic solid composed of eight equilateral triangles, four of which 
meet at each vertex; it has six vertices and eight edges. A regular octahedron has twenty four 
rotational (or orientation-preserving) symmetries. A cube has the same set of symmetries, since it 
is its dual. The group of orientation-preserving symmetries is denoted by © and it is isomorphic 
to 1 S 4 , or the group of permutations of four objects, since there is exactly one such symmetry for 
each permutation of the four pairs of opposite sides of the octahedron. As an abstract group it is 
generated by two elements, r and s, satisfying the identities r 4 = s 2 = (rs ) 3 = id. 


irrep 

Dynkin 

id 

H 

[r 2 s 2 ] 

in 

M 

M 

M 

[n 

A 

i 

©1 

Xq 

1 

1 

1 

1 

1 

1 

1 

1 

©1 

1 

© 2 

y 

1 

-1 

1 

1 

1 

-1 

1 

-1 

© 2 

1 

©3 

z 

2 


-1 

2 

2 


-1 


© 2 

1 

©4 

Xi 

2 


-1 


-2 

A 

1 

-A 

©1 

-1 

©^ 

xi (8 )y 

2 


-1 


-2 

-A 

1 

A 

©1 

-1 

©6 

x 2 ®y 

3 

1 


-1 

3 

-1 


-1 

© 2 

1 

O7 

X2 

3 

-1 


-1 

3 

1 


1 

©1 

1 

©^ 

x 3 

4 


1 


-4 


-1 


©1 

-1 


Table 2: Character table for © b , A = —uis + wf = —y/2, in GAP notation. 


The character table of the Schur cover © b = (r, s | r 4 = (r 4 s ) 3 = s 2 ) in SL 2 (©) (see Section 12221) 
is given in Table [2] The irreducible representation ©4 is the natural representation. 


The concrete projective representation we work with is given by 


r(r) = 


-1 

w 8 + w 8 —<^8 — + Wg 


r(s) = 


1 

Ul 8 + U>g - Wg 


-W 8 ■ 


hWg 

-2 


(5) 





























As in the previous case, the chosen field is determined by the occurrence of roots of unity in the 
representation matrices. In the case both W 3 and ws occur (e.g. W 3 occurs in (Dg), leading to a 
mix of values of roots of unity and hence to w 24 - The minimal polynomial is then the one for ujq 
but expressed for w 24 . Hence the field extension in this case is k = (Q[w 2 4 ]/(w 2 4 — wf 4 + 1). 


2.2.4 Icosahedral group Y 


An icosahedron is a convex regular polyhedron (a Platonic solid) with twenty triangular faces, thirty 
edges and twelve vertices. A regular icosahedron has sixty rotational (or orientation-preserving) 
symmetries; the set of orientation-preserving symmetries forms a group referred to as Y; Y is 
isomorphic to A 5 , the alternating group of even permutations of five objects. As an abstract group 
it is generated by two elements, r and s, satisfying the identities r 5 = s 2 = (r s ) 3 = id. 

The Schur cover Y b = (r, s | r 5 = (r _ 1 s ) 3 = s 2 ) in SL 2 ((D) (see Section [2721) has the following 
character table: 


irrep 

Dynkin 

id 

[r] 

[' ] 

[rs* 3 ] 

[s] 

M 

[rs 2 ] 


[r 2 s 2 ] 

A 

i 

Yi 

x 0 

1 

1 

1 

1 

1 

1 

1 

1 

1 

Yi 

1 

X2 

Xi 

2 

A 

*A 

1 


-1 

-A 

-2 

-*A 

Yi 

-1 

Y^ 

y 

2 

*A 

A 

1 


-1 

-*A 

-2 

-A 

Yi 

-1 

y 4 

Z 

3 

-*A 

-A 


-1 


-*A 

3 

-A 

Yi 

1 

y 5 

X 2 

3 

-A 

-*A 


-1 


-A 

3 

-*A 

Yi 

1 

y 6 

xi 

4 

-1 

-1 

1 


1 

-1 

4 

-1 

Yi 

1 

Y7 

£3 

4 

-1 

-1 

-1 


1 

1 

-4 

1 

Yi 

-1 

Yg 

£4 

5 



-1 

1 

-1 


5 


Yi 

1 

Yg 

x 5 

6 

1 

1 




-1 

-6 

-1 

Yi 

-1 


Table 3: Character table for Y 1 ', A = 005 + w|, *A = 1 — A = A 2 = — 1 /A, in GAP notation. 


The concrete projective representation we work with is given by 
cr(r) = 


_ ( w 5 

0 wf 


-Wr 


and k — Q [W 5 ] / (1 + ui 5 + + w 3 + ). 


Ul r 


— 1 — W5 


( 6 ) 


2.2.5 Decomposition of sl(Y) into irreducible representations 


We compute the decomposition of sl(Vj) = Vj 0 V* — V\ into irreducible representations using 
GAP, where V\ is the trivial representation and list them in Tables [4] [G] This is the first moment 
we specialise to sl(P); we remark that similar decompositions exist for so(Y) and sp(V) and 
this paper contains all the necessary information to analyse these cases as well. The irreducible 
representations Vj are labelled using the group name, so Ti corresponds to the first irreducible 
representation in the list of T b (see Tables Q] [3J . 
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dim 

decomposition 

Bl(Tj) 

3 

t 7 

S [(T^) 

3 

t 7 

sI(T^) 

3 

t 7 

5l(T 7 ) 

8 

T 2 © T 3 © 2T 7 


Table 4: Decomposition of sl(T^). 



dim 

decomposition 

sl(© 3 ) 

3 

©2 © ©3 

st(CDi) 

3 

©7 


3 

© 7 

Bl(Oe) 

8 

©3 © ©6 © ©7 

Sl(©7) 

8 

©3 © ©6 © ©7 


15 

©2 © ©3 © 2© 6 © 2© 7 


Table 5: Decomposition of sl(©Jj). 


S [(Y,) 

dim 

decomposition 

sI(Y^) 

3 

y 5 

s Ky 3 ) 

3 

y 4 

sl( Y 4 ) 

8 

y 4 © y 8 

5l(Y B ) 

8 

y 5 ©y 8 

5l( Y e ) 

15 

Y 4 © Y.5 © y 6 © y 8 

sl(Y^) 

15 

Y 4 © Y.5 © y 6 © y 8 

5l(Y 8 ) 

24 

Y 4 © Ys © 2Y 6 © 2Y 8 

sl(Y^) 

35 

2Y 4 © 2Y 5 © 2Y 6 © 3Y 8 


Table 6: Decomposition of sl(Yj). 


2.3 Molien functions 

In the search for invariants in s((Y) <g) (D[A', Y] we use the decomposition of sl(Y) in the irreducible 
representations listed in Tables [2 - [6] 

*W = 0W),V fc )V fc . 

k 

This reduces the problem to describing (14 ® ©[A, Y]) G \ The generating functions of invariants 
in Vk © (D[A', Y) can be computed using the following theorem (See Section 4.3]). 

Theorem 2.1 (Molien, [2SJ). Let a : G b ^ GL 2 (©) be a representation defining an action of 
G b on ©[A, Y] by g ■ p(X,Y) = p(a(g~ 1 )(X,Y)), g G G b , p(A, Y) € ©[A, Y], and let \k be the 
character of Vk ■ Then the Poincare series of invariants in Vk © © [A, Y] is given by 

M {{ v„ a€[.Y, vr, t) = A £ det(1 ^- 1)() ■ (7) 

We will call this the Molien function of the irreducible representation Vk- 


10 


















Recall the irreducible representations Xi, i = 0,. .., a — 1, Xi <g) y, i = 0,..., b — 2 and x, ® z, 
i = 0,..., c — 2 from Section 12. 2. II The following holds (see [35]) 


with N{D,t) defined by 

N{{ Xi ®(C[X,Y]) G \t) 
N(( Xi ®y® (D[X, Y])°\t) 
N((xi ® z® (D[X,F]) G \f) 




N(n,t) 

(i-t 2a )(i ~t 4a ~ 4 ) 


( 8 ) 


= f +1' 


6a— 6 —i 


(t 


2a—i _|_ jAa—A—i 


l -t 2 


= t a+b_i_ 2 (i+ t 2a_2 ) 


' l -t 2 
l - t 2a l - t 2l + 2 


l - t 2b i-t 2 


= t‘ 


a-\-c—i —2 


(i + t 2 “- 2 )— 


l _ t 2a l - t 2l+2 
t 2 ^ l - 1 2 


i = 0,..., a — 1, 
i = 0,..., 6 — 2, (9) 

i = 0,..., c — 2. 


Example 2.1. Consider the Poincare series of invariants in Ti ® (D [X, E] ; with xo in the notation 
above. The affine Dynkin diagram of T b , where Ti coincides with xq, is 


O z 


Q xi <8) z 


o -o-o-o-o 

Xo Xi X2 Xi®y V 


and it is characterised by (a = 3, b = 3, c = 3) (see Section [2. 2.1 ]) . It follows from f2j) that 

iV((x 0 ®c[x,y]) T \f) = i + t 12 , 

thus 


M((Ti(8)€[X,y]) 1 ,t) = 


1 +1 


12 


( 1 -**)(!-* 8 )' 


Using the scheme illustrated above (and the natural representation a = x\) we rewrite the Molien 
function for the irreducible representations in ([9]) in a form which is relevant for the computations 
of the generators of the invariants in 14 ® (D [X, Y] (see Tables [T] [9]). The choice of the powers in 
the denominators is determined by the existence of invariants at those degrees. These invariants 
are called the primary invariants, while the ones corresponding to the terms in the numerator are 
called the secondary invariants. 

Consider T b primary invariants at degree six and eight, so that M((T4(g>(D[X, F]) Tb , t) = 

The numerators N are then given in Table [7] 
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irrep 

Dynkin 

dim 

Molien function numerator N 

Tr 

x 0 

1 

l + t 1 ' 2 

t 2 

y 

1 

t 4 + t 8 

t 3 

Z 

1 

t 4 + t a 

T 4 

Xi 

2 

t + t 5 + t 7 + t 11 


xi 0 z 

2 

t 3 + t 5 +t 7 + t 9 


x\ 0y 

2 

t 3 + t 5 +t 7 + t 9 

t 7 

X2 

3 

t 2 + t 4 + 2 1 6 + t 8 + t 10 


Table 7: Molien functions of the irreducible representations M((Tfc 0 ©[AT, F]) Tb , t). 


Similarly, considering and Y 1 ’ primary invariants at degree eight and twelve, and twelve 
and twenty, respectively, one obtains Molien functions M((© fe 0 C[A', F])° ,t) and M((Yk 0 
©[A, F]) Y ,t) - see Tables [ 8 ] and [9] for the respective numerators. 


irrep 

Dynkin 

dim 

Molien function numerator N 

©1 

Xo 

1 

l + t 48 

©2 

y 

1 

t 6 + t 12 

©3 

Z 

2 

t 4 + t 8 + t 10 + t 14 

©^ 

Xi 

2 

t + t 7 + t n +t 17 


Xi 0 y 

2 

t 5 +t 7 + t n + t 13 

©6 

X 2 0 y 

3 

t 4 + t 6 + t 8 + t 10 + t 12 + t 14 

©7 

X2 

3 

t 2 +t 6 +t 8 + t w + t 12 + t 16 

©^ 

X 3 

4 

t 3 + t 5 + t 7 + 2 1 9 + t 11 + t 13 + t 15 


Table 8 : Molien functions of the irreducible representations: M((<Dk 0 C[A, Y])° ,t). 


irrep 

Dynkin 

dim 

Molien function numerator N 

Yi 

x 0 

1 

TTF 1 










X 2 

Xl 

2 

t + t 11 

+ t 19 

+ t 29 









y 

2 

t 7 

+ 1 13 + 1 17 + 1 23 







y 4 

Z 

3 

t 6 

+ 1 10 + 1 14 + 1 16 + 1 20 + 1 24 






y 5 

X 2 

3 

t 2 

+ 1 10 +1 12 + 1 18 + 1 20 + 1 28 






y 6 

Xi0y 

4 

t 6 

+ t 8 

+ t 12 

+ t 14 

+ t 16 

+ t 18 + 

t 22 

+ 

t 24 



Yl 

X 3 

4 

t 3 

+ t 9 

+ t n 

+ t 13 

+ t 17 

+ t 19 + 

t 21 

+ 

t 27 



Y 8 

X 4 

5 

t 4 

+ t 8 

+ t w 

+ t 12 

+ t 14 

+ t ie + 

ci- 

00 

+ 

t 20 

+ t 22 

+ t 26 

Yl 

x 5 

6 

t 5 

+ t 7 

+ t 9 - 

ft 11 - 

ft 13 - 

f 2 t 15 + 

t 17 

+ 

t 19 

+ t 21 

+1 23 +1 25 


Table 9: Molien functions of the irreducible representations: M ((Yk 0 ©[AT, F]) Yb , t). 


If one would like to compute the Molien function of a reducible representation, this is done by 
adding the Molien functions of the irreducible components with the corresponding multiplicities. 


3 Invariant matrices 

A brute-force computational approach towards invariant matrices consists in taking a general 
element in g(V) ® ©[A”, Y] of the degree dictated by the Molien function of g(V), and average over 
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the group G . The Molien function of g(T) can be computed from the Molien functions of Tables 
[T][9] and the decompositions in Tables 010 using the additive property of the Molien function. 

This approach is however not very effective computationally, as, for example, it would imply 
averaging an element in sl(Yg) 8 C 28 [^>F] (that is, of X, T-degree twentyeight). 

Instead one could use the method of classical invariant theory to compute higher order invari¬ 
ants by transvection, starting from lower degree g(V)-ground forms, where V is an irreducible 
G-representation. Hence, this reduces the problem to finding lower degree g(T)-ground forms. 
Moreover, transvection only involves multiplication and differentiation with respect to X and Y, 
thus it is computationally very effective and easy to implement. 

In order to systematically find the lower degrees g(T)-ground forms one can use of the decomposi¬ 
tion of g(T) into irreducible representations. The degree of the ground form is the lowest degree in 
the Taylor expansion at t = 0 of the Molien function (see Section [273]) of the irreducible component 
in the decomposition (see Section l2.2.5l) : e.g. the degree for the Yg-ground form is four, see Tables 
[G] and [9] such ground form will be notated by 2l|, where the upper index indicates the degree while 
the lower one the corresponding T.The explicit projection on the irreducible components will be 
given in the next section. 


3.1 Fourier transform 

Let IT be a finite dimensional representation of a finite group G b and let {wi \ i = 1,..., dim IT} 
be a basis of IT. Then IT can be decomposed as a direct sum of irreducible representations of G b 
as follows. 

Let V be such an irreducible G b -representation and let {V | i = 1,..., dim V*} be a basis of V*. 
Let (IT, V) be the multiplicity of V in IT (that is, V occurs as a direct summand in IT (IT, V) 
times) and consider the space of invariants 

(IT g) V*f b = {rf | k = 1,..., (IT, V)}, rf = ^ Wi 8 v j . 

The rj k are traces of the basis of V* and its canonical dual basis, a basis for V. From the expression 
for r] k we find (IT, V) T-bases { v k = J2 t Vi,j w i | J = 1, - - -, dim T}, k = 1,..., (IT, V). 

In practice we take a general element ■ Qj Wi 8 v 3 in IT 8 V* and require this element to be 
invariant under the action of the generators of G b to obtain elements rf = JT • rjf j Wi 8 vG 

If we now do the same construction for U 8 V we find V *-bases in U. Taking the trace with each 
T-basis in IT results in (IT, V)(U, V*} linearly independent elements of (IT 8 U) G . The space 
spanned by these elements will be denoted by (IT 8 U)y . We have 

(IT 8 U) G ' > = 0 (IT 8 U)y 

Veirr G b 


We return to the original problem of finding invariant matrices of degree d in sl(T) 8 k[Y, Y], To 
this end we apply the above construction to the G^-representations sl(T) and k d[X, Y] and obtain 
(sI(T) 8 kd[A', Y])y,, with V' £ Irr(G b ). 
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3.2 Transvectants 


In classical invariant theory the basic computational tool is the transvectant: given any two in¬ 
variants (in the context of invariant theory these are called covariants), it is possible to construct 
a number of (possibly new) invariants by computing transvectants. As a simple example consider 
two linear forms aY + bX , cY + dX; their first transvectant is the determinant of the coefficients, 
i.e. ad — cb. A transformation on (X, Y) induces a transformation on (a, b) such that aY + bX 
remains constant, and similarly for (c, d). Then ad — cb is invariant under the joint induced 
transformations on (a, b) and (c, d). Similarly, the discriminant aoa 2 — a 2 of a quadratic form 
agY 2 + 2a\XY + a 2 X 2 is the second transvectant of the quadratic form with itself. While the 
transvectant language has been superseded by more general constructions, working for all finite 
dimensional Lie algebras, and sounds rather old-fashioned to present day algebraists, it is still a 
very effective computational tool when it can be applied and it is easy to program. The only 
assumption one makes is that the group acts linearly and faithfully on (D 2 , that the group elements 
are represented by matrices in SX 2 (0), as it is indeed the case for the natural representation cr (see 
Definition 12.31) . If one would like to replace (D 2 by a higher-dimensional space, the transvectant 
mechanism is no longer available, but while the transvectant technique is very efficient, the results 
in this paper could also have been obtained without transvectants, e.g. using group averaging as 
mentioned at the beginning of Section [3] 

In this section we will adapt the idea of transvection to compute invariant Lie algebras. We start 
from the classical work by Klein about automorphic functions and generalise it to the context of 
automorphic algebras. To do so, we need first to recall some definitions and facts about transvec¬ 
tants and generalise some of the concepts to the present set up. 

Recall the Definition m of relative invariant; in the literature, relative invariants are also called 
semi-invariants or covariants. 

Definition 3.1 (Polynomial ground form). A polynomial ground form is a relative invariant 
polynomial a of minimal degree. The divisor of zeros of such a polynomial is an exceptional (or 
degenerate) G-orbit of minimal order. 

Definition 3.2 (Ground form). A ground form is an invariant 21 £ V of minimal degree, where 
V is a G-module and a k [X,Y]-module. 


The computations of polynomial ground forms for the TOY groups can be found, for instance, in 
0 , H 2 II. 6 ] and H 3 |. 

Definition 3.3 (Transvectant). Let V and W be G-modules and k [X,Y]-modules. Let (p £ Vg 
and = dx kgyi / we define the kth-transvectant of cp with ip £ Wg 

5 = , 1p) k = ^(-1)* ( • ) fo’k-i ® 4>k-i,i £ (V (8> W)g ■ 

i=0 ' ' 

Lemma 3.1. Let cp £ Vg and ip £ Wg,' the transvectant transforms as 

g{(p,ip) k = (g(p,gip) k , g&G. 

This implies that (<p,ip) k £ (V®W)g, and if tp and ip are invariant, so is (<p,ip) k . 

Corollary 3.1. Let 21 £ V be a ground form and a an invariant polynomial. Then (cS, 2t) z £ V G . 

Corollary 3.2. Let cp £ (V 8 V) G and ip £ (V* (8 k[X, Y]) G . Let 21 = Trace cp®ip& V G be an 
invariant form, Then (a, 21/ = Trace cp (8 {a, ip) 1 £ V G , with a a polynomial invariant. 


This justifies the way we compute a sequence of invariants from a ground form using the Molien 
function of the irreducible representation V (see Section [3]). 
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Example 3.1. The polynomial ground forms for T, (D and Y, in the bases given by and 

(EP respectively, are: 


a 4 ,i = w 3 (X- 1/3(1 -u 3 )Y)(X-(l+u 3 )Y)(X + (l+u 3 )Y)(X-(l-u 3 )Y). 
a 6,i = (X — 1/2(1 + ojg + — wf)Y)(X — 1/2(1 — ajg, — uig + w|)Y)(X — (1 — wg + w|)Y) 

x (X - (1 - col - wf )Y)(X - (w 8 - u>l)Y)(X - (u§ + wf )Y), 

<* 12 = XY(X + (1 + w| + wf)Y)(X + w|Y)(X + 1/5(2 - w 5 + w| + 3w|)Y) 

x (x — wsY)(x + (i + u 5 -t- W5 + w|)y)(x + (wg + w|)y) 

x (X + (1 + wjj)Y)(X - (us + a;|)Y)(X + Y)(X - (w 5 - wf )Y). 

TTie subindex of ctij is determined as follows: i is the X, Y-degree and j identifies the element 
in the group of one dimensional characters describing how ctij transforms. For example, the one 
dimensional characters of T constitute the group S/3 = {0,1, 2} by identifying Xy+i with j £ S/3. 
In «i 2 the second grading is trivial, so it is omitted (see also Examvles \3.3W3.S\) . 

Example 3.2 (Classical Invariant Theory). Let V = W = k[X, Y]g and replace in the Definition 
1 3. 3\ the tensor product by the ordinary product of polynomials. Then $ £ k[X, Y]g- Let a be the 
lowest degree relative invariant, then it follows from the classical theory that if G is either T, © 
or Y the classical relative invariants MM are given by 

a, (3 = (a, a) 2 , 7 = (a,/?) 1 . 


G 

deg a 

deg# = 2 deg Q -4 

deg 7 = 3 deg a -6 

T 

4 

4 

6 

© 

6 

8 

12 

Y 

12 

20 

30 


Table 10: Degrees of the classical relative invariants of T, ©, Y. 


If one denotes the degree of a form a by deg a it follows that (see Table m 

deg# = 2 deg a -4, deg 7 = 3 deg a -6 . 

The degree of (3 is the number of faces of the Platonic solid and determines its name. We observe 
that deg Q — deg 7 + deg# = 2, the Euler characteristic, and that deg Q + deg# + deg 7 = |G| +2. 

The next examples illustrate how the Molien series information is combined with the concept of 
transvectant to construct a basis for the relative invariants. We write k[V] = k[X, Y] when {X, Y} 
is a basis for the dual of a representation V. 

Example 3.3 (Tetrahedral group T). The ring generated by the relative invariants is determined 
as follows. From GAP we obtain the Molien function 

. . k. \ 1 + 2f 4 + 2f 8 + t 12 1-t 12 1+f 6 

^ ^ (l^f 6 )(l-t 8 ) ~ (l-f 4 ) 2 (l-f 6 ) “ (1-t 4 ) 2 ' 

To find the ground form 04,4 we look in T 2 <3 kifT^]. Then (3± t 2 = (<* 4 , 1 , 04 ,i ) 2 € k 4 [T 4 ] T3 and 
76,0 = ( 0 : 4 , 1 , /G 4 , 2) 1 S k 6 [T^] T \ in analogy with classical invariant theory. This follows from Table 
I ILK Thus one finds that 

k[T4] T b = k[«4 ; i, ^ 4 , 2 ] (1 © 76, 0 ) 

where 

a 4 ,i = Y 4 - 8/3XY 3 + 2X 2 Y 2 - 4/3 X 3 Y - 4/3w 3 XY 3 + 2w 3 X 2 Y 2 - 8/3w 3 X 3 Y + w 3 X 4 , 
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/?4,2 = -128XF 3 + 128A' 3 y - 256 w 3 XF 3 + 384w 3 A 2 y 2 - 128w 3 X 3 Y 

and 

76,o = -512F 6 + 2560A 2 F 4 - 5120X 4 E 2 + 3072X 5 F - 512X 6 - 1024w 3 y 6 + 


+3072w 3 XF 5 - 2560w 3 X 2 F 4 - 2560w 3 A 4 y 2 + 3072w 3 A 5 F - 1024w 3 A 6 , 


in the basis given by W- One expects from the Molien function a relation at degree 12 of the form 

<*l i + C^t, 2 + Cl 7 2 o =0, Ci , C2 G k* 

and one finds = 1/884736 and Cl = 1/786432. The Molien function of the invariants is given 
by 

Thus the invariants corresponding to these terms are 76,0 = «6 for t 6 , 014,1,84,2 = Bs f or t 8 an d 
a 3 j = 712 for t 12 (or equivalently (3 8 2 )- Hence, the ring of invariants can be written as 

k[T^] Tb =k[a 6 , h] (10 712 ). 


Example 3.4 (Octahedral group (D). Similarly, the ring generated by the <D-relative invariants is 
determined as follows. From GAP we obtain the Molien function 

1 + t 6 + t 12 + t ls _ 1 + t 12 

ob ’^ = (l-t 8 )(l-t 12 ) “ (l-t 6 )(l- 


t 8 ) 


M(k[©4 


and the individual generating function for ©2 is 

Mimr -,0 = (1 //;// ;12) 

and for ©1 is 

, 1 1 +18 

M(k[o>r , t ) = (1 _ t + (1 _ t , 2) . 

To find the basic covariant 06,1 we look in kg[© 4 ]° 2 - Then (3s ,0 = (o6,i,06,i) 2 £ kgfOjy® and 
712,1 = (o 3 ,i, /?s,o ) 1 6 ki 2 [© 4 ]® 2 - Thus one finds that 


k[© 4 ] 0 b — k[o 6 , 1 , 88 ,o](l © 712 , 1 ) • 

We identify the terms in the Molien function for ©1 as: the t s is a$ = Bs, o> the t 12 -term is 
B12 = Og ! and the t 18 -term is 71 s = 06 , 1712 , 1 - We identify the terms in numerator of the ©2- 
Molien function as follows. The t 6 term is a 6 ,i, the t 12 term is 712 , 1 - 


One can check that the relative invariants satisfy a relation of the form 

<i + C^lo + Cl7 2 i2,i=0- 
It follows that the invariants have the following relation 

Cfd 3 8l2+8?2 + ^7l 2 8=0 


and that the ring of invariants can be written as 

k[©4]°'’ = k[d 8 ,/3i 2 ](l ® 7i8) • 
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Example 3.5 (Icosahedral group Y). The Molien function of the invariants is 

, 1 _i_ y-30 

,t) = {l _ ti : ){l _t 20 ) . 

The invariants are 012 , /?20 = (<a 12 ,& 12 ) 2 and, 730 = {& 12 , P 20) 1 , and they satisfy the following 
relation 

^2 + c^ 3 20 + c^ 2 30 = o. 

The ring of invariants can be written as 

kp4] Yb = k[a!i 2 , /? 2 o](l © 730 ) • 


3.3 TOY-Invariant matrices 


Our goal is to determine the structure of the Lie algebra of invariant matrices. Once the ground 
forms are computed, the other degrees can be realised by taking appropriate transvectants with 
the relative invariants. The choice of transvectants is completely independent of the dimension we 
are working in, thus the construction is completely uniform. 

We observe in first place that it is possible to predict that the number of generators of (V © 
k[X, F]) G is twice the dimension of V. This follows from the following Lemma, a modification of 
a method by Stanley [36]. 


Lemma 3.2. Let G" be a finite subgroup of SL( 2, (D) and let V be one of its irreducible represen¬ 
tation with character x■ The space of invariants (V © k[X, Y]) G is a Cohen-Macaulay module of 
Krull dimension 2. Say 

k x 

(y©k[i,y]) Gb = 0t[dJ] Pi 

i=l 

and set e ? ; = deg pt. Then 


fc x |G b | 

b. 

= deg a deg^x(l) 

( 10 ) 

Ayy 

= deg a + deg^ -2 

( 11 ) 


'* i =1 


Proof. The two equations follow from the first two coefficients, A and £?, of the Laurent expansion 
around t = 1 of the Molien series 

M((v © k[x, r]) Gb , t) = + ^~ t + °(i)- 

We have two ways to express this series. Namely by Molien’s theorem and by the expression of 
(V © k[X, T]) G ’ b as a Cohen-Macaulay module. 

First Molien’s theorem: P(V © k[X, F]) Gb , t) = det(*-tcr(g)) ■ Considering a(g) to be 

diagonal we see that the only contribution to the term of order (1 — 1)~ 2 in the Laurent expansion 
comes from the identity element g = 1, so A = The terms that contribute to the 

coefficient of (1 — t) -1 in the Laurent expansion come from elements cr(g) that have precisely one 
eigenvalue equal to 1. However, since deta^g) = 1 there are no such elements: B = 0. 


On the other hand we notice that 

kx 

P(0k[d,/3]pi,t) 

2=1 


E^r* e< 


(1 - t de £a ) (1 - t deg a) 
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and the first two coefficients of the Laurent expansion around t = 1 are A = 


deg a deg^ 


;d egl X degg ( de gd - 1 ) + 2deg a X degg ( de g^ ^ “ deg a degg Ei=l G- The reSult foll ° WS - 


and B = 

□ 


In Section [4] we then repeat the procedure of Section [3] with a slight variation, to produce a basis 
for relative invariant vectors. 

In the following sections we compute a basis for |G|-homogeneous G-invariant matrices; this is a 
minimal generating set for the module of G-invariant matrices (over the primary invariants a dc 
and /3 3 ) whose homogeneous elements have degree divisible |G|. This will be enough to construct 
a minimal generating set for the Automorphic Lie Algebra (see [HI EH]). 


3.3.1 Tetrahedral group invariant matrices 

From Table [4] it follows that g(V) splits into a direct sum of T i,i = 2,3,7. We then consider 
(T, (g) ki 2 [Tt]) T , as it is sufficient to consider entries of degree equal to the order of the group |T| 
(see [171 [151 1. 

The groundforms and transvectants are listed in Table Ell Notice that the degrees in column 
Molien and Multiplier add up to the order of the group. 


irrep 

Molien 

ground form 

invariant matrix 

multiplier 

Id 

1 

21? 

971? = 21? 

s§ 

t 2 

t 4 

2lf 

II 

@8 

t 3 

t 4 

2t 4 

if 

11 

sa 

@8 

t 7 

t 4 

21? 

m 4 = (d 6 ,2i?) 2 

B .8 


t 6 


an? = (d 6 , 21?) 1 

ae 


t 6 


^ = 03s,2t?) 2 

&6 


Table 11: Generators of T-invariant matrices of degree |T|. 


Table ED is constructed by considering first the decomposition in Table [4] one observes that the 
only representations playing a role are T 2 , T 3 and T 7 , so they are listed in the first column of 
Table [11] The trivial representation Ti is added for future reference. Next one considers the 
numerators of their corresponding Molien functions (see Table 0 : the lowest order terms (f 4 , t 4 
and £ 2 ), computed using the technique of Section [3711 are the ground forms 2lf, 2lf and 21? in the 
third column, where the upper index denotes the degree in A' and Y and the lower index refers 
to the irreducible representation (see the first column). The fourth column contains the invariant 
matrices; the last three entries correspond to t 4 and 2 1 6 in the T 7 -row are obtained by taking the 
first transvectant with the primary invariants /3s, ae- It is worth noticing that not all terms in 
the numerator of the Molien function are present. This is due to the fact that not all invariant 
matrices can be made |G|-homogeneous: for instance, looking at the Table 0 for T 2 , we observe 
that the f 8 term is missing, indeed in this case one would need to solve the linear diophantine 
equation 6 n + 8 m + 8 = |T| = 12 which has no solutions for n and m non-negative integer. The 
last column of the Table ED illustrates that one can solve the diophantine equation for the terms 
in the second column, hence a basis for |T|-homogeneous T b -invariant matrices is given by the 
products of the elements in the last two columns. 
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Example 3.6. From Table\ 4 \ one has s^Tg) = T7. To find a concretisation of 21? we consider 
an embedding d* 12 ^^ 0/T7 into sl2{T$): 

= f y2 - 2(1 +^ XY + ( W3 - x ) x2 - y2 + 2wsXy + ( W3 + x ) x2 ^ 

7 yE 2 — 2(2 + lo 3 )XY + 3(w 3 + l)X 2 -Y 2 + 2(1 + uj 3 )XY+{1-uj 3 )X 2 ) ' 

In the case of si 3^7) = T2©T3©2T7 one has two concretisations of the ground form 21?, namely 
^s[ 3 (t 7 )(2£2) ^2 I3 ^ Tt ' ) ( 2l?), since the multiplicity 0/T7 in 5(3^7) is two. 

Example 3.7. We compute a set of generators for s^Ty), linearly independent over the ring 
k[a6,j8s] of primary invariants. We know that 5(3^7) = T2©T3©2T7- Therefore we have ground 
forms 21?, 2l| and 21?. Thus we compute the generators -{ 9 sI 3 (t t )^ s[ 3 (T 7 )^gjj4^ ^ai 3 (T 7 )^jj 4 ^ 
< 3(T7) ( 2 n?), < 3(T7) (^), < 3(T7) ( 3 n 4 ), < s(T7) (an?), < 3<T7) (ai?). Once we have tested their 
independence, we know from the Molien function that they span the space (sl(T7) © k[T4]) T . 


3.3.2 Octahedral group invariant matrices 

Table [T2l is computed in the same spirit as in the previous section; also in this case, not all terms 
in the numerator of the Molien function (see Table [8j correspond to invariant matrices which can 
be made zero homogeneous, hence they are not listed below. 


irrep 

Molien 

ground form 

invariant matrix 

multiplier 

©1 

1 

21? 

an? = 21? 

Ph 

©2 

f 12 

ai 

an 42 = (d 8 ,2i 6 ) 4 

h2 

©3 

t 4 

2l 4 

11 

08jdl2 


t 8 


9H| = (ds,2l|) 2 

-9 

©6 

f 4 

21 1 

II 

08^12 


t 8 


= (d 8 ,2l|) 2 

-2 


t 12 


ml 2 = (d 8 ,2i 3 ) 2 

Pl2 

©7 

t 8 

21? 

an? = (ds^?) 1 

-2 
« 8 


t 12 


an 42 = (d 8 ,an?) 2 

$12 


f 16 


an? 6 = (d 8 ,an? 2 ) 2 

a 8 


Table 12: Generators of ©-invariant matrices of degree |©|. 


3.3.3 Icosahedral group invariant matrices 

The invariant matrices for are presented in the Table HU as before, not all terms in the 
numerator of the Molien function (see Table H correspond to invariant matrices which can be 
made zero homogeneous, hence they are not listed below. 
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irrep 

Molien 

ground form 

invariant matrix 

multiplier 

Yi 

1 

21? 

an? = a? 

a 12 

y 4 

t 16 


ml 6 = (ai2,at) 1 

a\ 2 ft 20 


f 20 


= (ai2,®l| 6 ) 4 

020 


t 24 


O 

(NjF 

<N 

II 

«12 

y 5 

t 12 

2t| 

<m 42 = (a 12 ,% 2 y 

a 12 


t 20 


m 20 = (a 12 ,m 42 ) 2 

020 


f 28 


DJlf = (a 12 ,M 20 ) 2 

ai2/32o 

y 6 

t s 


ml = (a 12 ,% e 6 ) 5 

ai2/3| 0 


t 12 


m 42 = (a 12 ,ml) 4 

4 

«12 


t le 


m 46 = (a 12 ,m 42 ) 4 

0{ 2 ft2O 


t 24 


m 24 = (a 12 ,m 46 ) 2 

a 12 

y 8 

t 4 

2t| 

ant = at 

C02&2O 


t 8 


an| = (a 12 ,a |) 4 

0-12020 


t 12 


m 42 = (a 12 ,m s 8 ) 4 

4 

«12 


t le 


m 4e = (a 12 ,m 42 ) 4 

012^20 


t 20 


an |° = (/3 20 ,a 4 ) 2 

020 


Table 13: Generators of Y-invariant matrices of degree |Y|. 


At this stage one could in principle fix any G-orbit (exceptional or generic), divide the matrices 
by the corresponding invariant form (the invariant form vanishing at those points) in order to 
obtain zero-homogeneous matrices depending on A = X/Y. In this paper we only consider the 
case of exceptional orbits. This correspond to dividing the matrices by a da , /? 3 or y 2 , where 
do = 3,4 and 5 for T, (D and Y, respectively. These then form a minimal generating set (over the 
invariant l£, I“, respectively - see next Section [Oil . We denote this minimal generating set 

by ( M 1 , • • • , M n ~ 4 }; it generates the G'-Automorphic Lie Algebra. 

Definition 3.4. By (s[(Y)® k(A))(? we denote the G-Automorphic Lie Algebra based on g = s((Y) 
with homogeneous coefficients having poles at the G-orbit T<y or, equivalently, at the zeros of C, = a, 
ft or 7 . 

Remark 3.1 (Towards Lax Pairs). Defining a Lax operator L £ CsI(Y) < 8 > k(A))(? gives us a 
G-invariant (automorphic) Lax operator and therefore a G-invariant (automorphic) integrable 
systems of equations (see )22j). 


3.4 Zero-homogeneous automorphic functions 

For the T(DY-groups, the basic relative invariants a, ft and 7 have a relation of the form 

C?a dG + Gf p 3 + G(V = 0, C = a,j8,7- 

Dividing this relation by , with v a = da, vp = 3, = 2, and fixing G^ = 1, we obtain a 
linear relation between two zero-homogeneous invariants and JJ^. For instance, with f = a, the 
relation is 

1 + ii + r a = 0. 
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The explicit definition in this case is = C^-^- and JJ^ = Or, with ( = /?, the relation 

is 

Hg + 1 + = 0. 

The explicit definition in this case is Ig = Cg ^0- and JJg = Cg ^ 3 . 

A relative invariant f is identified with the orbit of a specific group element g ^ of order v^, such 
that = |G|. For each representation W of the group one defines k<; = 1 /‘2 codim W^ 9 <’ . In 
Table l2ll (Section Ibf the numbers k q ,K/3,k 7 are given for different Lie algebras W = g(V). 

We use JJ for the invariant related to the relative invariant with the lowest n. If there is equality, 
for instance if K a = up, then in 1“ and JJ(f, one can interchange the I and the JJ. The fully adorned 
JJg is overloaded with indices and one can replace it by JJg, or one could have simply called it 
Ig. The reason for the use of the JJ notation at all, is that we later on want to be able to make 
statements about the Chevalley normal form (see Section [5J and their isomorphism. 

Remark 3.2. In the st(F) case, the relative invariant of the highest degree identifies a lowest k 
(there could be more than one, see Table 0?71) . In other words, k f < k^> if deg^ > deg^,. 


4 Matrices of invariants 


By constructing a basis of invariant vectors for each irreducible representation (see Tables HilfT^l) . 
we prepare ourselves for the next step, the computation of the matrices of invariants : we change 
from the standard basis of an irreducible representation to the basis of invariant vectors. The 
matrices in the new basis will now have their coefficients in the space of invariants. There are two 
reasons to make this change of basis. 

The first is computational: it is much easier to work with the matrices of invariants, e.g. when 
computing the structure constants. In the computation of the Chevalley normal form for the Lie 
algebra we need to find eigenvalues (see Section [5]) and this is easier in this new basis. The second 
reason is that when the algebra is in Chevalley normal form, it will be natural to ask whether the 
algebra is isomorphic to another case. This isomorphism question is difficult to settle, unless one 
has an explicit way to go from one case to the next. And this is exactly what the matrices of 
invariants provide. When everything is in Chevalley normal form, the matrices of invariants have 
been reduced to elementary matrices with invariant coefficients. To analyse them one can now 
use permutations and scalings with I and 1. This limits the problem enough that one can finally 
answer the isomorphism question. 


irrep 

Molien 

ground form 

invariant vector 

multiplier 

t 2 

t 4 

af 

of = af 

1 

t 3 

t 4 

a 3 

of = af 

1 

T4 

t 

a 4 

of = af 

de 


f 


oj = (/3s, af) 1 

1 


t 3 

°5,6 

°5,6 = a 5,6 

P 8 


t 5 


°5,6 = (®6> a 5,6) 2 

d& 

t 7 

f 2 

a? 

°7 = a 7 

fa 


t 4 


of = («6 ,af) 2 

a 6 


t 10 


0f° = (7i2,af) 2 

1 


Table 14: Bases of invariant vectors for T b . 
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Example 4.1. In the case of si 2 ( 15 ) one has the invariant matrix 


0 ,h < T «)(2^) = 


F 2 - 2(1 + w 3 )XF + (w 3 - 1)A ' 2 


—F 2 + 2w 3 XF + (w 3 + 1)A 2 


V F 2 - 2(2 + oj 3 )XY + 3(w 3 + 1)A 2 —F 2 + 2(1 + uj 3 )XY + (1 - w 3 )X 2 , 

(cf. Examvle \3.6\) . We consider the basis of invariant vectors 

^ ft , 3) = ( Y 3 + (u3~ 4)AF 2 + (5 + co 3 )X 2 Y - A 3 \ 

5 If 3 + (2 + w 3 )AF 2 - 3(1 + w 3 )X 2 F + (1 + 2 co 3 )X 3 J ’ 


d^(ol) = 245760 


( XY 4 — 2(1 + cj 3 )X 2 Y 3 + 2cj 3 X 3 Y 2 + X 4 Y \ 

V AF 4 - 2(2 + w 3 )X 2 F 3 + 4(1 + w 3 )A 3 F 2 - (1 + 2w 3 X 4 F )) ' 

After making everything zero-homogeneous, the matrix of invariants of DJI 4 = (oiq,D[ 2 ) 2 becomes 


5898240 


-1 

\6/5898240 


983040 JJ2 


irrep 

Molien 

ground form 

invariant vector 

multiplier 

©2 

t 6 

«l 

4 = 4 

1 

©3 

t 4 

4 

4 = a 3 

012 


t s 


0 l = (d 8 ,a 4 ) 2 

as 

©^ 

t 

4 

O 4 = 04 

-2 

a| 


t 17 


4 7 = (tis ,^) 1 

1 

©5 

t 5 

4 

»1 = 4 

as 


t 13 


xif = (0 12 ,4) 2 

1 

©6 

t 4 

4 

4 = t »6 

-2 

a| 


t 8 


ot = (as, a 4 ) 2 

012 


t 12 


o 42 = (£ 12 ,a 4 ) 2 

as 

©7 

t 2 

a 2 

o 2 = a 2 

-2 
a 8 


t e 


o 6 r = (as,aS ) 2 

012 


t w 


°7° = 4) 2 

as 

©^ 

t 5 

«I 

t>| = (a 8 ,a |) 3 

-2 
a 8 


f 9 


t>I = (as .al ) 1 

012 


f 9 


t>l = (^ 2 ,a 3 ) 3 

012 


f 13 


4 3 = (Pi2,4Y 

as 


Table 15: Bases of invariant vectors for ©^ 


In sections 13.3. II15331 we produced the invariant, zero homogeneous matrices M 1 , ■ • • ,M n _1 . 
We now produce a list of invariant, homogeneous vectors vi,...,v n , by taking an invariant vector 
D multiplied by the corresponding invariant multiplier (see Tables 11411161) . The resulting set {{/} 
generates the invariant vectors over the polynomial invariants. If is not a representation of T, 
there are no invariants in <g> k[X, F] of degree |T|. In this case one can try as an alternative the 
lowest degree for which the dimension is the same as the dimension of the irreducible representation. 
This is listed in Table 171X1711 
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Table 16: Bases of invariant vectors for Y b . 


When we compute M J i)i the result is an invariant vector, that is, a linear combination with 
invariant coefficients of degree |G| of the basic vectors v\,...,v n . We denote the coefficient of Vk by 
i a n d obtain the following representation of A'P: 

n 

M j i)i = ^2 V>( M j )k,i v k • 
k =i 

This defines the matrix which is called the matrix of invariants corresponding to 

M J , and we extend ip linearly. We check that the resulting n 2 — 1 matrices ip(A'P) are linearly 
independent over k[I]. Observe that the matrices ip(M 3 ) are not themselves invariants under the 
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standard action, as defined in Section m Consider two invariant matrices M and N 


NMvi = ^2 Nip{M) k ,iVk = '52'tp(M) ki >E iKN)i, k in 

k k l 

= EE i>(N) hk i/>(M)k,i vi = 52MN)r/>(M)),,i 0,. 

I k l 

It follows then that 

l 

that is, 

in other words, if is a Lie algebra homomorphism. 

From the computational point of view and in preparation of the next step (namely the compuation 
of Chevalley normal forms), once one has matrices with invariant coefficients it makes sense to 
simplify them eliminating as many Is as possible by taking linear combinations, while taking care 
not to change those matrices of invariants with a I-independent characteristic polynomial (see the 
next Section [5]). 


5 Chevalley normal form for Automorphic Lie Algebras 


Even the most detailed Lie algebra books are a bit vague when it comes down to put a concrete 
Lie algebra into Chevalley normal form over (D. In m the theory is derived for arbitrary fields, so 
this is getting closer to our problem. One can imagine how much is written on how to do this over 
a polynomial ring. In Bourbaki [T] the switch from the general set up to fields is quickly made in 
Chapter 1 after Section 3 (even though this is relaxed again at times later on). 

The original Lie algebra sI(V’) is of classical type and belongs to an isomorphism class Ah, with 
a corresponding h x h Cartan matrix. Following the way the Chevalley normal form is computed 
over (D, the first task is to collect h commuting semisimple elements from the Lie algebra, the 
Cartan subalgebra or CSA (see e.g. [7l fl5]L denoted by t). 

Remark 5.1. In a simple Lie algebra over <D, a generic element will be semisimple and one can 
construct a CSA around it. In the automorphic case one requires not only semisimplicity but 
also that the eigenvalues of the matrices in the CSA are in the field extension k, thus restricting 
the choice considerably. In this sense one could say that Automorphic Lie Algebras are easier 
to deal with, which is also reflected by the fact that, at least in the sl(V) case, the characteristic 
equations could always be solved explicitly over k. Working over the field extension of the irreducible 
representations of the group makes it easier to find explicit solutions, even when the degree of the 
polynomial is five or six. Of course, the computations are made more intricate by the fact that one 
works not over k, but over k[I r ]. 

The construction of the CSA f) starts with the search of a semisimple element in the Lie algebra 
of matrices of invariants such that all its eigenvalues are in k. Once such a matrix is found, it is 
tested for semisimplicity. This is done by considering the reduced characteristic polynomial, and 
checking that the matrix itself satisfies it (in the usual theory over <B one looks for an element 
without degenerate eigenvalues, but this strategy proved not practical in our case). Such an 
element, once found, can be put in diagonal form. The eigenvalue computation is done by Singular 
[9j. We call this element hi and store it in f). We then proceed inductively. We find a semisimple 
element hi commuting with all the elements in f), but k-linearly independent of the elements in 
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ft. We then diagonalise h, (leaving the other elements in t) diagonal). Then we add hi to f). 
We stop when we have h elements in fp By construction, they are all linearly independent and 
diagonal matrices. Next, one considers a k-linear combination of these matrices to insure that 
their eigenvalues are constants and equal to the one prescribed by the Cartan matrix Plate I] 
(corresponding to sl„((D) in the classification of simple Lie algebras). 


We now give an algorithm to put the elements in f) in canonical form in the case of s[„((D). To this 
end, for every element hj in 1 ) one computes the differences of the subsequent eigenvalues 

a i(hj) = K ~ >4+ D i = 1, ■ ■ ■ ,n — 1. 

The canonical basis is the set of elements Hk = Xq=i c j,khj satisfying afiHk) = a^fc, where 
are entries of the Cartan matrix of A ra _i. Since the matrix {ai(hj))ij is nondegenerate one can 
solve Cj t k, for each fixed fc, in the equation 


n —1 n— 1 

^ ^ ^ ^)^j,k — & i,k 

3 =1 3 =1 


and obtain Hk. 


Example 5.1. Consider, as an example, the case (sl(Y 4 ) (g> k(A))„ ; one finds the elements hi = 
diag{—1,1,0} and h 2 = diag{l,0, —1} £ SI3. Let A be the sl.3 Cartan matrix and let £pi be the 
diagonal elementary matrix with 1 in the ith position. We would like to have the CSA basis in the 
standard form Hi = Eqi — £ 2,2 and H 2 = £ 2,2 — £ 3 , 3 . We compute 


The matrix c is then 
a{h)~ 1 A 


a(h) 


fai(hi) ai (h 2 ) 
\a 2 (hi) a 2 (h 2 ) 





i.e. Hi = —hi and H 2 = hi + £,2 - Hi and H 2 form a realisation of A in the sense of Kac il"2 1 /. 


Remark 5.2. Here and in the following we will use the symbol a to denote the roots of the Lie 
algebra. This should be clear from the context and should not create confusion with the invariants 
introduced in the previous sections. 


Let M aj be a k[I r ]-linear combination of the generators of the ALiA under investigation; one 
computes them by solving 

[Hi,M± aj \ = ±a jti M± aj . 

The M a . are called weight vectors (of weight ctj ). Next one computes [M ± aj , M± ak ], ay ^ a&; if 
the commutator is not zero, the equation 

[Hi, ^l±(aj+otk)] A afcy)iVAi-( a j_|_ afc ) 

is solved. Recursively, one computes all the weight vectors in the Chevalley normal form. When 
all weight vectors have been computed, it is explicitly checked that the transformation from the 
old generators to this new basis is invertible over k[I r ]. 

Notice that we do not have an existence proof of a Chevalley normal form, however the computation 
finds always a suitable set of generators such that the algebra is in normal form, so the existence 
is proven by construction. Since we restrict ourselves to irreducible representations, we only have 
a finite number of cases to consider. 

In the next Sections 15.2115.61 we list Chevalley normal forms for (sl(E) (g) k(A))^ and we prove the 
following main result: 
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Theorem 5.1. Let V be an irreducible representations of and V' be an irreducible represen¬ 
tation ofG , \ where G and G' are isomorphic to the tetrahedral group T, the octahedral group (D 
or the icosahedral group Y. Let ( and (' be G, G'- classical relative invariants (see Examvle VSCA ) : 
then (g(F) (g> k(A))^ is isomorphic to (g'(F') ® k'(A))^ if and only if g(V) is isomorphic to g'(T') 
as Lie algebra, where g,g' = si, and kq = , where the k^s can be found in Table[2l\ 

Corollary 5.1. The statement of Theorem, \ 5. 1\ is true also if one includes the dihedral group Hat 
in the list of groups (see M)- 


5.1 Notation 


Before formulating our result, let us introduce some notation which will be handy in the following; 
consider, as an example, the case (st(C) < 8 > k(A))fj, where V = T 4 . After computing the Chevalley 
normal form as described in Section 0 we find 




(0 Xl\ 

V° 0/ 


M- a 


1 





where the symbol cti stands for the the root and a stands for the ground form. In terms of the 
original invariant matrices this Cartan-Weyl basis reads (see also Table fill) : 

Hi = -1/2949120 - 1/9437184 9H? + 1/5505024 91? , 

M ai = +1/11796480 9)1? JJ l + 1/37748736 911? .1/ - 1/22020096 91? + 1/22020096 91? if , 
M_ ai = 1/2949120 OH? JJ/ + 1/9437184 911? - 1/9437184 9H? if - 1/5505024 91? IT /. 


We introduce the following short-hand notation 

||sI(Ti)|| =M ai +M_ ai = 

where we take the sum of all weight vectors; we will refer to this as the Chevalley model of the 
Automorphic Lie Algebra. 

Remark 5.3. Hsl/TT^)|| can be considered as a 1-form with arguments in the root system A\ and 
values in the space of monomials in if and JJ/, the coboundary operator d 1 of which determines 
the occurrence of these monomials in the structure constants of the ALiA. 

Remark 5.4. We recall that JJ is the invariant related to the relative invariant with the lowest k, 
see Section \3A\ If there is equality, for instance if K a = up, then in If and Jjf , one can interchange 
the I and the JJ , without changing the isomorphism type of the Chevalley normal form. 


0 JJ/, 
If 0 


The Chevalley normal form can be reconstructed from the Cartan matrix (in this case the lxl 
matrix ^2^) and from the Chevalley model above. The Lie brackets are 

[Af ai ,M_ Q1 ] =lfJ/Hr 


[H 1 ,M ±ai \ = ±2M ai . 
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For any Ah, given a = Y^k= 1 m fc a fc and m k S N, k = 1,..., h, the following holds: 

[- M a ,M_ a ] = (M a ,M_ a )H a , 
where H a = 5Zfc=i m kHk and (•, •} is the traceform. 

In the following we list all cases, ordered by dim g(V). The Chevalley normal form will be compared 
to a model computed from the structure constants of one of the computed Lie algebras with the 
given Dynkin diagram and written as, for example, ||A. 2 ||. This model is not unique. 

Definition 5.1. We denote by \\An ,l || the Automorphic Lie Algebra model based on sl n +i and 

(k l) 

with k Is and l JJs in its Cartan-Weyl basis. This defines the ALiA type A n ’ . It will have the 
same Cartan matrix as A n and the specifics of the particular Chevalley model, that is to say, which 
elements have an I and which have a JJ, will be fixed in the sequel. 


Let $ be the root system of the base Lie algebra and let T+ be a choice of positive roots; together 
with the model ||An fe ’^|| we also consider 


II t,(sl n )q — 'y ' (e a , e_ a ) — -f- M -|- cJJ T dlJJ. 

In the example above the sum equals IJJ. Computational evidence suggests that this is an invariant. 

Definition 5.2. We denote by (sl„ ® k(A))J? the G-Automorphic Lie Algebra based on sl(V), 
dim(V) = n, with poles confined at the G-orbit T^, £ = a, /3 or 7 . 

5.2 Automorphic Lie Algebras (sl 2 <g) Ik(A))A ; 

Let the model for ( 5(2 ® k(A))^ be 

ii4 m) ii = 

where £ = a, fi or 7 . 

Theorem 5.2 ((sl 2 ® k(A))^). All Automorphic Lie Algebras (sl 2 ® k(A))^, ( = a,/?, 7 , are of 
type 4 1 ’ 1 -* an d therefore isomorphic. 

Proof. We give the Chevalley model together with its intertwining operator T s uv) with respect to 

ii4 m) ii, Le - 

|| S [(C)||I s[(y) =X sl(y) ||4 1 ’ 1) ||. 


0 I 

JJ 0 


K b (s l 2 ) C = M 
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Irreducible representation 
V 

T 4 , T 5 , ©3 , ©5 , 

y 2 , y 3 

TF(3 , ©4 

Chevalley model 

MV)\\ 


O 

^ 1=1 

l_l 


M e ° 

0 ^ 


Intertwining operator 

l(V) 

( 


ft 5 



Table 17: Chevalley models and intertwining operators for (sl 2 0 k(A))^. 


Irreducible representation 
V 

T4 , T5 , © 3 , ©5 TTg , Y 2 , Y3 ©4 

Chevalley model 

MV )\\ 


0 

H 0 


0 ^ 

l_l 


0 1 

w 0 


Intertwining operator 

%sl(V) 


GO 

( 

nj 


(0 i“) 



Table 18: Chevalley models and intertwining operators for (sl 2 0 k(A))^. 


Irreducible representation 
V 

T4 , T5 T6 ©3 , Y 2 , Y 3 ©4, ©5 

Chevalley model 

MV )\\ 


0 1 
I“JJ^ 0 

[0 I“JJ^ 

[1 0 


'0 

1“ 0 


0 1“ 

J 7 0 _ 

Intertwining operator 

%sl(V) 


(0 I°“) 

(1 0 

( 

v° 


GO 


Table 19: Chevalley models and intertwining operators for (sl 2 0 k(A))^. 


□ 


For the proofs of the following theorems we refer to Appendix Q3] 
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5.3 Automorphic Lie Algebras ( 5(3 <g) k(A))A ; 


5.3.1 Poles in a and j3 

Let the model for ( 5(3 ® k(A))^, ( = a,(3, be 

Oil 

||4 3 > 2 )||= JJ 0 I , AVsbW =1 + 20. 

JJ 1 0 

Theorem 5.3 (( 5(3 ® k(A))^, ( = a,/3). All Automorphic Lie Algebras ( 5(3 ® k(A))®, ( = a,/3, 
are isomorphic and of type A g 3,2 '*. 

5.3.2 Poles in 7 

Let the model for ( 0(3 ® k(A))^ be 

Oil 

Il4 3,3 ) ll= JJ 0 I , K b (sh)-y =30. 

JJ JJ 0 

Theorem 5.4 (( 0(3 ® k(A))^). All Automorphic Lie Algebras ( 0 I 3 ® k(A))^ are isomorphic and 
of type A^ 3,3) . 

5.4 Automorphic Lie Algebras (sh <g) k(A))® 

5.4.1 Poles in a 

Let the model for ( 0(4 ® k(A))^ be 

"0 I I I 

||4 5 ’ 4 ) ll= 1 ° 1 1 , /v fa (0[ 4 ) a = 2I+JJ + 3IJJ. 

JJ JJ 0 I 

JJ JJ 1 0 

Theorem 5.5 (( 0(4 ® k(A))^). All Automorphic Lie Algebras ( 0 b 0 k(A))^ are isomorphic and 
of type 4 5 ’ 4) . 

5.4.2 Poles in (3 

Let the model for ( 0(4 ® k(A))Jg be 

'O I I f 

||4 M) II = 1 ° 1 1 , A^(0l 4 ) 7 = 2I + 4IJJ. 

JJ JJ 0 I 

JJ JJ 1 0 
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Theorem 5.6 (( 5(4 ® k(A))®). All Automorphic Lie Algebras (sl 4 0 k(A))® are isomorphic and 
of type 4 M) . 

5.4.3 Poles in 7 

Let the model for (sl 4 ® k(A))^ be 

'O I I f 

Il4 6 ’ 5) ll= ^ ° l J , K b ( 0l 4 ) 7 = I + 5O. 

vy 11 

JJ JJ 1 0 

Theorem 5.7 ((sl 4 ® k(A))^). All Automorphic Lie Algebras (sl 4 ® k(A))^ are isomorphic and 
of type 4 6 ’ 5) . 

5.5 Automorphic Lie Algebras (s( 5 <g) k(A))^ 

5.5.1 Poles in a 

Let the model for ( 5(5 ® k(A))^ be 

0 1 I I I 

1 0 I I I 

Il4 8,6) ll= JJ JJ 0 1 I , K b {sl 5 ) a = 2 + 21 + 60. 

JJ JJ 1 0 I 

I JJ 1 1 0 

Theorem 5.8 (( 5(5 ® k(A))^). All Automorphic Lie Algebras (sis ® k(A))^ are isomorphic and 
of type 4 8 ’ 6) • 

5.5.2 Poles in ft 

Let the model for (sis ® k(A))^ be 

0 I I I I 

1 0 I I I 

Il4 10,6) ll= JJ JJ 0 I I , #b(st 5 )/3 = 41 + 60. 

JJ JJ 1 0 I 

JJ JJ 1 1 0 

Theorem 5.9 (( 5(5 ® k(A))®). All Automorphic Lie Algebras (sis ® k(A))® are isomorphic and 
of type 4 10 ' 6) • 
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5.5.3 Pole in 7 


Let the model for (sl 5 ® k(A))^ be 


0 

I 

I 

I 

I 


1 

0 

I 

I 

I 


JJ 

JJ 

0 

I 

I 

, K b (sh)^ = 2I + 8IJJ 

JJ 

JJ 

JJ 

0 

I 


JJ 

JJ 

JJ 

1 

0 



Theorem 5.10 ((sis ® k(A))^). All Automorphic Lie Algebras ( 5(5 ® k(A))^ are isomorphic and 
of type 4 10 ' 8) • 


5.6 Automorphic Lie Algebras (sl 6 <g) k(A))^ 

5.6.1 Poles in a 


Let the model for (sfe ® k(A))^' be 


114 


( 12 , 9 ) | 


0 1 I I I I 

1 0 I I I I 

1 1 0 1 I I 

JJ JJ JJ 0 I I 

JJ JJ JJ 1 0 1 

JJ JJ JJ 1 1 0 


K b (s[ 6 )a =2 + 41 + JJ + 8IJJ. 


Theorem 5.11 ((s[6 ® k(A))^). All Automorphic Lie Algebras (ste ® k(A))^J are isomorphic and 
of type A { 5 12 ' 9) . 


5.6.2 Poles in j3 


Let the model for (sfe ® k(A))Jg be 


14, 


( 14 , 9 ), 


0 1 I I I I 

1 0 I I I I 

1 1 0 I I I 

JJ JJ JJ 0 I I 

JJ JJ JJ 1 0 I 

JJ JJ JJ 1 1 0 


K b (sl 6 )/3 = 1 + 5I + 9IJJ. 


Theorem 5.12 

of type A^ 9) . 


((slg ® k(A))^). All Automorphic Lie Algebras (sfe ®> k(A))^ are isomorphic and 


31 



5.6.3 


Poles in 7 


Let the model for (slg <§) k(A )) 7 be 


\\A 


( 14 , 12 ) 

5 


0 1 I I I I 

1 0 I I I I 

JJ JJ 0 I I I 

JJ JJ 1 0 I I 

JJ JJ JJ JJ 0 I 

JJ JJ JJ JJ 1 0 


Ji b (sl 6 ) 7 = 1 + 21+120. 


Theorem 5.13 ((s (6 < 8 > k(A))!? ). All Automorphic Lie Algebras (slg <S> k(A )) 7 are isomorphic and 
of type 4 14 ’ 12) - 


We have now proved Theorem 15.11 modulo the proofs in Appendix [B] 


6 Invariants of Automorphic Lie Algebras 


In this section we consider invariants of Automorphic Lie Algebras |16j . These are defined as 
properties of Automorphic Lie Algebras (g(V) < 8 > k(A))(? that are independent of the particular 
reduction group G and its representation V. That is, properties which only depend on the base Lie 
algebra and the orbit of poles. The isomorphism question asks whether the Lie algebra structure 
is an invariant, and this paper affirms this for g = st, cf. Theorem 15.II 

We saw already in Section r3.3l that the number of generators is an invariant, related to the dimension 

of the underlying vector space V. We will give here two more invariants, namely the number of 
c' c" 

s and JJ£ s in the Chevalley model, £, Cf , Cf' = a, /3 or 7 . 

Let E, j be the elementary matrix with entry equal to 1 at the i.j positions, and zero elsewhere; 

since the Hi are by construction of the type Ei — Ei +1 j+i, the matrices M± a . will be elementary 

c' J c r c" 

with coefficients in k[I^ ]. We find that the coefficients are always one of four types: 1, , JJ£ 

c' c" c' t" 

or JJ^ . We also find that the number of s and JJ^ s is determined by the dimension of sI(V) 

and choice of ( (see Table O and consequently independent of the group. 


dim sI(V) 

3 

8 

15 

24 

35 

a 

(i.i) 

(3,2) 

(5,4) 

( 8 , 6 ) 

(12,9) 

p 

(i.i) 

(3,2) 

(6,4) 

( 10 , 6 ) 

(14,9) 

7 

(i.i) 

(3,3) 

(6,5) 

( 10 , 8 ) 

(14,12) 


Table 20: Numbers Chevalley model, ( = a, /3 or 7 . 


Computations suggest that the numbers in Table l2()l are invariant from the choice of the CSA, from 
the choice of the group G and its irreducible representation V. In |T6] this is in fact shown to be 
true for general simple Lie algebras g(V), where V is an irreducffile G-module. Moreover, for all 
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base Lie algebras the numbers can be easily derived with the formula [TS] 


Kf' = # of = Y 2 codim g(V’)^') , 

where (g^) is a stabiliser subgroup of G at a zero of ('■ This formula enables us to extend the table 
counting the automorphic functions in the representations for ALiAs to undiscovered territory. The 
following table is taken from ffH, where further details can be found. 


0 

s[ 2 ,so 3 ,sp 2 

S04 

s[ 3 

S 0 5 ,Sp 4 

sk 

sp 6 

sk 

sfe 

<f> 

Ai 

Ai®Ai 

A-2 

B 2 , C’2 

A 3 

c 3 

A4 

A 5 

K a 

1 

2 

3 

4 

6 

8 

10 

14 


1 

2 

3 

3 

5 

7 

8 

12 


1 

2 

2 

3 

4 

6 

6 

9 

dimg 

3 

6 

8 

10 

15 

21 

24 

35 


Table 21: Number of automorphic functions in the Chevalley model: Kq> . (' = a,/3,7- 


This table extends Table[20]as follows: the pair in the ( row in Table l20l consists of and as 
found in Table EU where {<;, C // } = {ck, /?, Table l2ll provides predictions for the orthogonal 

and symplectic Lie algebras, which have been verified. 

The fact that dimg = X<e{c* p 7} V 2c °dim g(V')^ is also stated in [25: for the case G = A 5 , the 
alternating group and attributed to Serre. An algebraic proof is given in PS- 

We conclude this section observing that the polynomial Kt,(sl n )^ carry the information from Table 
1201 and actually add extra information on how the s and JJ^ s are distributed. Computational 
evidence suggests that these polynomials are also invariants of the ALiAs. 


7 Conclusions 


The paper addresses the problem of classification for Automorphic Lie Algebras (g ® A4((D))p 
where the symmetry group G is finite and the orbit T is any of the exceptional G-orbits in (D. 
It presents a complete classification for the case s[„((D) and proposes a procedure which can be 
applied to any semi-simple Lie algebra g, thus it is universal. The analysis makes use of notions 
from classical invariant theory, such as group forms, Molien series and transvectants, and combines 
the completely classical representation theory of finite groups with the slightly more modern Lie 
algebra theory over a polynomial ring. It is worth stressing that it is precisely the combination of 
these two subjects that poses the central questions in this study and makes the subject interesting 
and worth studying. 

The procedure , loosely speaking, comprises three steps: the first step consists in identifying the 
Riemann sphere with the complex projective line (DP 1 consisting of quotients x /y of two complex 
variables by setting A = x /y (Section [2]). Mobius transformations on A then correspond to linear 
transformations on the vector (A", T) by the same matrix. Classical invariant theory is then used to 
find the G-invariant subspaces of (D[A, F]-modules, where (D[A', Y] is the ring of polynomials in X 
and Y. Step two consists in localising these ring-modules of invariants by a choice of multiplicative 
set of invariants. This choice corresponds to selecting a G-orbit T^ of poles, or equivalently, 
selecting a relative invariant £ vanishing at those points. The set of elements in the localisation of 
degree zero, i.e. the set of elements which can be expressed as functions of A, generate the ALiA 
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(Section [3]) . Step one and two can be generalised to any Lie algebra 0 , as they rely purely on g(V) 
being a vector space. Once the algebra is computed, it is transformed in the third step into a 
Chevalley normal form in the spirit of the standard Cartan-Weyl basis (Section [5]). This final step 
relies on the algebraic structure of g(V) and it can be extended to any semi-simple Lie algebra g. 

Through computational means, inspired be the theory of semi-simple Lie algebras, we demonstrated 
the existence of a Chevalley normal form for Automorphic Lie Algebras, generalising this classical 
notion to the case of Lie algebras over a polynomial ring. Moreover, we show that ALiAs associated 
to TOY groups (namely, tetrahedral, octahedral and icosahedral groups) depend on the group 
through the automorphic functions only, thus they are group independent as Lie algebras. We 
prove furthermore that (si <8> -M(<D))p { and (st <g) A4((D))p, are isomorphic as Lie algebras if 

and only if = k^i (Theorem 15.11) . and we conjecture a similar result for the cases so and 
sp. This surprising uniformity of ALiAs is not yet completely understood. The study of ALiAs 
over finite fields could provide information on whether the uniformity is an algebraic or geometric 
phenomenon. 

We also introduce the concept of matrices of invariants (see Section SI); they describe the (mul¬ 
tiplicative) action of invariant matrices on invariant vectors. The description of the invariant 
matrices in terms of this action yields a much simpler representation of the Lie algebra, reducing 
the computational cost considerably. We believe that the introduction of matrices of invariants is 
a fundamental step in the problem of classification of ALiAs. 

The Cartan-Weyl basis of the matrices of invariants can be seen as a 1-form, with arguments in <f>, 
the root system of the original Lie algebra, and taking values in the abelian group of monomials 
in I and JJ. The structure constants of the ALiA are given by taking the coboundary operator d 1 
of this 1-form. This leads to a formulation of the isomorphism problem in terms of the action of 
Aut(<f>) on the closed 2-forms. 

Along with the rise of interest in Darboux transformations with finite reduction groups mm and 
applications (e.g. 0 ), which suggests wide applications of ALiAs within and beyond integrability 
theory, this work encourages further study of the structure theory of ALiAs and proposes the notion 
of invariants (Section [6]). These invariants are polynomials in the coefficients of the computed 1- 
form that are invariant under Aut( < f > ) and the addition of trivial terms. Whether these invariants 
determine the isomorphism is an open question. From a more general perspective, the success 
of the structure theory and root system cohomology in absence of a field promises interesting 
theoretical developments for Lie algebras over a ring. 

The theory of ALiAs gives a natural deformation of classical Lie theory that might be of interest to 
physics. In particular, it retains the Cartan matrix, thus preserving the finitely generated character 
of the classical theory. 

Acknowledgements The result presented here are the culmination of a long standing quest and 
report on work done over a numbers of years. S. L. gratefully acknowledges financial support from 
EPSRC (EP/E044646/1 and EP/E044646/2) and from NWO VENI (016.073.026). 


A Projective representations and double covering groups 

Let G be a finite group and let a be a faithful projective representation of G in (D 2 , that is, er is a 
mapping from G to GL 2 ( < C) obeying the following 

v(g)v(h) =c{g 1 h)a(gh), Vg,heG. (12) 
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Here c(g,h) : G x G —> <D* in (TH21) is a nontrivial 2-cocycle over <D*, the multiplicative group of 
(D (see for example [35]), satisfying the cocycle identity 

c(x, y)c(xy, z) = c(y , z)c(x , yz). 

It follows from the cocycle condition that c(l, 1) = c(l,z) and c(x, 1) = c(l, 1). So if one defines 
c(x,y) = c(x,y)c( 1,1) _1 , then c is again a cocycle, but now with c(x, 1) and c(l,:r) equal to 1. It 
follows that c(x, y) is a root of unity, the order of which divides the group order. If the cocycle is 
trivial one can view the projective representation as a representation. 


For each of the Platonic groups T, (D and Y consider a projective representation a. In order to use 
GAP to compute generating elements, character tables and Molien functions, we need to replace 
the projective representation by a representation. The time-honored method to do this is by 
constructing the covering group G b , which is an extension of the group with its second cohomology 
group: the sequence 

0-> U 2 (G, Z) -> G b -> G^ 0 

is exact. The actual construction runs as follows. One defines (with trivial group action) the 
group cohomology with values in TL as follows (written in the usual additive way, followed by 
multiplication as in the definition of the projective representation): 

d°a(a;) = a — a = 0 = 1 

d l b{x,y) = b(xy ) - b{x) - b{y) = 

b{x)b(y) 

, 2 / \ \ r \ t _ c(y, z)c(x,yz) 

d c{x, y , z) = c(y, z) - c(xy, z) + c(x, yz) - c{x, y) = — -7-7-r 

c{xy,z)c(x,y) 

Then the second cohomology group H 2 (G , TL) is defined as the quotient of ker d 2 over im d 1 , which 
is well defined since d 2 d 2 maps to unity. We can consider G" as the group generated by the pairs 
(r, p), with r £ G and p £ H 2 (G , 7L) = 7L /2 = (±1) [31] [32], with multiplication given by 

= {xy,£vc{x,y)). 


Then the identity is (e, 1), since c(x, 1) and c(l,x) are both equal to 1. Let us check associativity 
(and see what motivated the cocycle identity): 


((x,0(y,v))(z,() 


One defines the inverse of an element by 


(xy,£vc{x,y))(z,0 

(( xy)z , c{x, y)(c(xy, z )) 

{x(yz), £,v(c(y, z)c(x, yz)) 
(x,0(yz,v(c(y,z)) 
(x,t)((l/,v)(z,£)). 


(x^r^ix-^r^x- 1 )- 1 ). 


On G ^ we now dehne a representation cr l ’((a;,^)) = ^c(l, 1) 1 cr(a;). We have indeed 




c{l,l)~ 2 £va(x)cr(y) 
c ( 1 1 1 )~ 2 £vc(x,y)a(xy) 

<?\(xy,c( l,l) _1 £uc(:r,y))) 
<7 b ({xy,£vc(x,y))) = (r\(x, £)(y, v)). 


In practice one can compute the cocycle the other way around, by considering given <j(r) and er(s) 
as generators of G b and computing the group multiplication table. 
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Remark A.l. Suppose there exists a section s : G —> . This would imply the existence of an 
element f € C 1 (G, 7L), such that s(g) = (g, ((g))- Can we do this so that s(gh) = s(g)s(h)? In 
that case G can he viewed as a subgroup ofG' 0 ). This would imply 

s(gh ) = (gh,C(gh)) 

s(g)s(h) = {g,C(g))(hX(h)) = {gh,C{g)t(h)c(g,h)) 

But this would in turn imply that c = d 1 ^ is a coboundary, where in fact the assumption was that 
c was nontrivial. 


B Chevalley normal forms 


Theorem B.l (( 5(3 (g k(A))p, f = a, (3). All Automorphic Lie Algebras (SI 3 (g k(A))p, f = a,(3, 
are of type A^ 3,2 ' 1 and therefore isomorphic. 


Proof. We give the Chevalley model together with its intertwining operator T s i(v) with respect to 

ii4 3 ’ 2) ii (see Tables B1 and B2), i.e. 


|| S [(C)||I sl(y) =T sl(y) ||4 3 ’ 2) ||. 


Irreducible representation 

V 

T7, Y5 06 07 Y4 

Chevalley model 

MV)\\ 

To ij if 
% 0 t 
[1 JJ2 0 

r 0 1 11 

t 0 1 iii 

k 1 0 

[0 If 

1 0 JJ2 

i 13 1 p 0 


0 Ig I ill 
1 0 I ill 

1 1 0 


Intertwining operator 

Tsi(V) 

i— 1 

O O i- 1 

1 O 

^01 0 N 

0 0 If 

V 1 0 °J 

^0 1 0^ 

0 0 1 

V 1 0 


^ ^ ^ 

0 0 

O r-1^ 



Table Bl: Chevalley models and intertwining operators for (sl 3 g k(A))^. 
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Irrep 

V 


T 7 


©7 


Y 4 


y 5 


Chevalley model 


















0 




[° 




[° 

1 



[° 

1 



[° 


1 

IMT)II 


1} 

0 



H 

0 




0 



m 

□ 




0 

1 



4 

1 

°J 


L 1 





1 

0 J 


L 1 

1 




TT" H 7 

0 


Intertwining operator 


L sl(V) 


f l 0 0 N 
0 1 0 

V° 0 V 


^0 1 0 N 
1 0 0 

V° 0 V 


''o 1 o\ 

0 0 1^ 

V 1 0 °/ 


(o 0 I|\ 


o n 


V 


''o 1 0 N 
1 0 0 
^0 0 I|, 


Table B2: Chevalley models and intertwining operators for ( 3 I 3 ® k(A))^. 


□ 

Theorem B.2 (( 3(3 ® k(A))^)- All Automorphic Lie Algebras ( 5 ( 3 ® k(A))® are of type A^’ 3 ^ o,nd 
therefore isomorphic. 

Proof. We give the Chevalley model together with its intertwining operator T s \(y) with respect to 
||4 3 ’ 3) || (see Table B3), i.e. 

|| S [(C)||I s[(v) =I 6l(y) ||4 3 ’ 3) ||. 


Irrep 

V 

T 7 06, Y 5 07 Y 4 

Chevalley model 

IN(T)|| 

0 11 

i“JJ^ 0 3? 

E“JJ^ 1“ 0 

0 JJ0 3? 
1“ 0 3? 

1“ 1“ 0 


0 3? 1“ 

1“ 0 1“ 

3? 3? 0 

0 1“ 1“ 

3? 0 J P 

I C 1“ 0 

Intertwining operator 

%sl(V) 

(1 0 o\ 

0 0 1“ 

\0 1“ 0 J 

0 ag 0 

0 0 gr 

0 


(3? 0 0 N 

0 0 1“ 
y 0 3? 0 ) 

/too'' 

0 0 1 

\° 1 °y 


Table B3: Chevalley models and intertwining operators for (sl 3 ® k(A))^. 


□ 

Theorem B.3 (( 3(4 ® k(A))(j). All Automorphic Lie Algebras ( 3 ( 4 ® k(A))^ are of type 4' 5 ’ 4 ^ an d 
therefore isomorphic. 
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Proof. We give the Chevalley model together with its intertwining operator I s uv) with respect to 
H-Ag 5,4 ^! (see Table B4), i.e. 

\\ 5 l(V)\\X sKV) =l M{V )\\A^ 4) \\. 


Irrep 


V 


©8 


Chevalley model 


Y 6 


\*KV)\\ 


Intertwining operator 




' 0 


i 

1=1 

P'Ga 


0 


1 

l" 

1 

0 

i 

1 


JZ 

0 

JZ 

l 

JZ 

igJZ 

0 

t 



ig 

0 

l 

JZ 

igJ Z 

1 

0 


i 

1=1 

S'Co 

tzl 

e-i 


JZ 

0 


^0 

Ig 

0 

0^ 


( 0 

0 

0 

1=1 

1 

0 

0 

0 


JZ 

0 

0 

0 

0 

0 

-U-Q, 

0 


0 

0 


0 

V° 

0 

0 

igj 



Oz 

0 

0 / 


Y r 


0 111 
igJZ 0 1 
I^Z Ig 0 
.€ if i o _ 


(\ 0 0 o\ 

0 0 0 Ig 

0 0 Ig 0 

\0 la 0 0/ 


Table B4: Chevalley models and intertwining operators for (sU ® k(A))„ ■ 


□ 

Theorem B.4 ((sU ® k(A))^). All Automorphic Lie Algebras (sU ® k(A))® are of type A g 6,4 ^ and 
therefore isomorphic. 


Proof. We give the Chevalley model together with its intertwining operator I s \(y) with respect to 
Pf’ 4) || (see Table B5), i.e. 

|| S [(C)||T sl(y) =I sl(y) ||4 M) ||. 
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Irreducible representation 
V 





r o 

i 

l 

i " 

i=i 

taP 

"ta-P 

0 

1=1 

XaP 

H 

1=1 

■cap 

"ta-P 

1 

0 


L 

1=1 

^aP 

1=1 

"taP 

0_ 



'10 0 0 
0 0 1 $ 0 
0 0 0 1^ 
iO 12 0 0 


"o 

4 

1 

4 

jra 

b 

0 

-TTO! 

b 

i 

-rro; 

b 


0 

H 

te 

1 $ 

-TTO! 

b 

0_ 

( 0 

H 

0 

0^ 

0 

0 

0 

Ig 

4 

0 

0 

0 

V0 

0 

-rro: 

b 

0 ) 



"o 

-rra 

b 

i$ 

1=1 

■pap 


0 

w 

1 

1 

1 

0 

1 

M 

-rra 

b 


0_ 


'0 1 $ 0 O' 

0 0 0 
10 0 0 
^0 0 la 0 J 


Table B5: Chevalley models and intertwining operators for (sl 4 0 k(A))^. 


□ 

Theorem B.5 ((s( 4 ® k(A))!?)- All Automorphic Lie Algebras (sl 4 ® k(A))!? are of type Tg 6,5 ^ and 
therefore isomorphic. 


Proof. We give the Chevalley model together with its intertwining operator I s uv) with respect to 
||4 6 ’ 5) || (see Table B6), i.e. 

|| S [(C)||X sl(v) =I sl(y) ||4 6 ’ 5) ||. 



Table B6: Chevalley models and intertwining operators for (sl 4 <g> k(A))®. 
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□ 

Theorem B.6 ((sis ® k(A))^). All Automorphic Lie Algebras (sis® k(A))® are of type A^ 8,6 -* and 
therefore isomorphic. 

Proof. We give the Clievalley model together with its intertwining operator L s uy) with respect to 
||T 4 8,61 || (see Table B7), i.e. 

||sl(y)||T s[(y) =T sl(y) || 4 8 ’ 6) ||. 



Table B7: V = Y 8 ; Chevalley models and intertwining operators for (sis ® k(A))p, £ = o,/3, 7 . 


□ 

Theorem B.7 ((sis ® k(A))^). All Automorphic Lie Algebras (sis ® k(A))® are of type A ( 10,6 ^ 
and therefore isomorphic. 

Proof. We give the Chevalley model together with its intertwining operator L s uv) with respect to 
||4 10 ' 6) || ( see Table B7), i.e. 

MV)\\i s1{v) =i bKV) \\a^ 6) \i 

□ 

Theorem B.8 ((sis ® k(A))®). All Automorphic Lie Algebras (sis ® k(A))® are of type A^ 10,8 ^ 
and therefore isomorphic. 

Proof. We give the Chevalley model together with its intertwining operator I s uv) with respect to 
||4 10 ' 8) || ( see Table B7), i.e. 

I|S[(^)I|T S1 (V)=T S1 (V)I|4 10 ’ 8) II- 

□ 
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Theorem B.9 ((s [ 6 (g» k(A))^). All Automorphic Lie Algebras (slg <g> k(A))„ are of type A ( ^ 2,9 ' > 
and therefore isomorphic. 


Proof. We give the Chevalley model together with its intertwining operator L s uy) with respect to 
||4 12 ’ 9) || ( see Table B8), i.e. 

MV)\\i sKV) =i b1{v) \\a^ 9) \\. 


Poles at 


r< 


Chevalley model 


r /3 


r 7 


MW)|| 


Inter operator 


tsiiy) 


" 0 

*2 

*2 

«2 

i2 

1 “ 


"0 

R f> 

3} 

1 

3} 

3} 


" 0 

1 

% 

1“ 

1“ 

< 

J2 

0 

1 

.12 

1 

31 


1 

0 

3} 

1 

3} 

31 


1“ 

0 

% 

1“ 

1“ 

% 

J2 

% 

0 


€ 

J2 


ira 

R P 

TT a 

R & 

0 

R 0 

I? 

1 


1“ 

1“ 

0 

1“ 

1“ 

1 

1 


1 

0 

i2 

1 


Tra 

R P 

]ra 

R ? 

3^ 

0 

3} 

n 




3? 

0 

1“ 

% 

J2 

1 

1 


0 

31 


ira 

R f> 

R 0 

1 

R 0 

0 

1 



■K 


1 

0 

3S, 

_ 1 

i' 3 

-“-q: 

I 33 

-“-a 

“a 

i 33 

0 


ira 

Tra 

R 0 

1 

R ft 

■rra 

0_ 




1 

1“ 

1“ 

0 


(1 

0 

0 

0 

0 

o\ 


(0 

0 

0 

0 

1 

o\ 


(0 

0 

0 

1 

0 

0\ 

0 

0 

0 

0 

1 

0 


0 

0 

0 

0 

0 

1 


0 

0 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 


1 

0 

0 

0 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

1 


0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

1 

VO 

1 

0 

0 

0 

0) 


1° 

1 
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Table B8: V = Yg; Chevalley models and intertwining operators for (slg <g> k(A))^, ( = a, /3, 7 . 


□ 

Theorem B.10 (( 5(6 <8> k(A))^). All Automorphic Lie Algebras (sl6 <g> k(A))® are of type yl^ 14 ' 9 ^ 
and therefore isomorphic. 


Proof. We give the Chevalley model together with its intertwining operator T s uy) with respect to 
||4 14 ’ 9) || (see Table B8), i.e. 

|| S [(Y)||X sl(y) =I sl(y) ||4 14 ’ 9) ||. 

□ 

Theorem B.ll ( (sl 6 (g) k(A))^). All Automorphic Lie Algebras ® k(A))® are of type 4 14 ’ 12) 
and therefore isomorphic. 


Proof. We give the Chevalley model together with its intertwining operator I s uv) with respect to 
||4 14 ’ 12) || (see Table B8), i.e. 


|| S l(V)||X sl(y) =X s[(y) ||4 14 ’ 12) ||. 


□ 
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